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Chapter 1
Introdution
The possible existene of more dimensions than those diretly aessible to our senses has
always fasinated mankind. They have spurred the imagination of many writers who have
speulated about how to reah them, their nature and possible appliations. Interesting as it
would be, we will not take this path in this work; instead we will divert our attention to a
more sienti point of view, namely what an we say about extra dimensions by using the
sienti knowledge we have aumulated trough time. In the next lines we show, very briey,
the origin and evolution of the ideas related with extra dimensions. Finally, we sketh their
present state to situate our work in ontext
1
.
The extra dimensions are a relatively old idea among the sienti ommunity. Its origins
an be traed bak to the year 1912 when the Finnish physiist Gunnar Nordström proposed
a relativisti extra dimensional theory that desribed simultaneously gravity and eletromag-
netism. At that moment the general theory of relativity was not developed and therefore the
geometri origins of gravity were not unveiled. Before Einstein, Nordström had developed a
relativisti theory of gravitation based on the existene of a salar potential, φ ; he unied
this theory with the eletromagnetism.
The ideas of Nordström were strongly inuened by Maxwell's theory of eletromagnetism,
whih unied elegantly eletri and magneti phenomena by desribing the eletri and mag-
neti elds as omponents of a single six-omponent antisymmetri tensor, Fµν , while the
orresponding potentials were unied into a four dimensional vetor, Aµ. It beame lear
through Minkowski's work that the uniation of eletriity and magnetism entailed a uni-
ation of spae and time in a four dimensional spae-time. Nordström followed this reasoning
and added an extra dimension to this spae-time; the vetors of this new manifold allowed
for one more salar eld that Nordström proposed to be preisely his gravity potential, φ.
The ation was taken to be the ve dimensional version of eletromagnetism, now built from
the antisymmetri tensor Fαβ , where α, β = 0, 1, . . . , 4. Of ourse, the fth dimension needed
to be dierent from the rest, hene it was assumed to have a topology drastially dierent
ompared with the other four, and it was ompatied on a irumferene, i.e. the values
of the oordinates in the fth dimension were restrited. This topology allowed a Fourier
expansion of the elds and when only the fundamental mode of eah eld was onsidered a
four dimensional theory of eletromagnetism and gravity emerged. In other words, Nordström
showed that gravitation and eletromagnetism ould be understood as two dierent faes of a
ve dimensional eletromagnetism.
1
Part of the ontents of this setion has been extrated from [2℄
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tion
It was in 1915 when Einstein proposed his awe-inspiring relativisti theory of gravitation,
the "general theory of relativity", in whih gravity is understood as geometrial deformations
of the underlying spae-time. In 1919, the mathematiian Theodor Kaluza showed that a
ve dimensional theory of gravity, with the ation taken as the Einstein-Hilbert ation, would
manifest itself as the eletromagnetism and the gravity in a four dimensional world. In 1926,
the same year Shrödinger proposed his famous equation, Oskar Klein and the Russian physi-
ist H. Mandel independently redisovered Kaluza's theory. They hoped this theory would
underlie the quantum theory that at that moment was still under onstrution.
These rst steps into the fth dimension were rather hesitant. It was viewed as a mathe-
matial trik that allowed a more onise formulation of the laws of Nature but was ompletely
void of any physial interpretation. In addition, it posed a number of problems: the orret
four dimensional limit was reovered when only the fundamental Fourier mode was retained,
the so alled ylindriity ondition, and it was unlear the role of the rest of the modes, the
reason why some elds must be onstant was also obsure, just to ite some.
The disovery of new interations, other than eletromagnetism and gravitation, ompli-
ated more the overall piture: using a single extra dimension as a means of reahing a unied
desription was unnatural, beause it was not able to aommodate the strong and weak fores.
The latter were desribed by a lass of theories alled non-Abelian gauge theories, proposed by
Yang and Mills in 1954, whih beame widely aepted in the seventies. Yang-Mills theories
ould be inorporated within an extra dimensional framework, at the prie of extending the
number of additional dimensions; but this ould not be done straightforwardly, and posed a
number of diulties that had to be overome. At this point the extra dimensions were still
useful for grouping together equations in a unied mathematial framework, but had aquired
a great degree of omplexity, while not being preditive and presenting serious theoretial
problems.
In the next years the interpretation of the extra dimensions hanged, in the sense that they
were given a physial meaning. It was due to the development of new theories; supergravity
and string theory, where the extra dimensions played a key role. Both kind of theories provided
a promising framework for ahieving a quantum desription of gravity. The natural energy
sale for these theories is the Plank mass, 1.2 1019 GeV · c2, that is ompletely out of reah
for the urrent partile aelerators. Nevertheless, in some string senarios this energy sale
an be as low as a few TeV what suggests that the assoiated phenomenology an be more
aessible to observation.
In reent years, extra-dimensional quantum eld theories have reeived a great deal of
attention. On one hand, the reent interest is beause the sale at whih the extra dimensional
eets an be relevant ould be around a few TeV, even hundreds of GeV in some ases, learly
a hallenging possibility for the next generation of aelerators. On the other hand, this new
point of view has permitted to study many long-standing problems in physis from this new
perspetive. These problems over many dierent elds of partile physis: the hierarhy
problem, new neutrino physis, the masses of the fermions, the number of generations in
SM, possible modiations in the running of the oupling onstants, new andidates for dark
matter, et.
Extra dimensional theories oer a wide variety of senarios and therefore have a rih
phenomenology. For instane, in some senarios (large extra dimensions) only the gravity
eld an probe the extra dimensions. In others gravity is not onsidered and only boson elds
are allowed to propagate through the extra dimensions. Another possibility is to allow all the
elds present in the theory to feel the extra dimensions (universal extra dimensions).
3One of the reasons why this latter senario is partiularly interesting is beause the orre-
tions to the SM preditions appear for the rst time at the one-loop level. As a onsequene,
the modiations to preision observables are small, what implies that the sale of this theory
an be as low as hundreds of GeV. The fat that these models do not give any tree-level
ontribution, is due to the onservation of the so alled Kaluza-Klein (KK) number (stritly,
it is not a onserved number in the usual sense). Most of this thesis is devoted to study the
phenomenology of theories with one universal extra dimension.
In partiular, in hapter 2 we show how to treat the dierent elds (salars, fermions
and vetor bosons) in an extra-dimensional quantum eld theory formalism. The onept of
dimensional redution is introdued and we show how to obtain a four dimensional Lagrangian
from the expression of the Lagrangian in 4 + δ dimensions. We also show how the extra
dimensional elds are transformed into an innite number of four-dimensional elds (the
so alled KK towers) with the same quantum numbers assoiated to all. By studying the
low energy limit of these theories we stress the relevane of seleting a suitable topology
for the ompatied dimensions sine dierent topologies have assoiated dierent degrees
of freedom in this limit. We show that the orbifold topology selets the orret low energy
degrees of freedom; speially, it is possible to obtain hiral fermion elds and to remove the
extra dimensional omponents of the vetor elds in the low energy spetrum. Interating
theories are studied to demonstrate expliitly the KK number onservation, whih is related
to the loal extra-dimensional Lorentz invariane of the theory and has a deep impat on the
phenomenology of theories with universal extra dimensions.
In hapter 3 we use the ideas developed previously to onstrut an extra dimensional
model that redues to SM in the low-energy limit. We study the phenomenology of this model
and fous on the observables that display a strong dependene on the mass of the top-quark
beause in this ase the deviations from the SM preditions are more important. We ompute
the radiative orretions for the Z → bb deay, b → sγ, the B0 − B0 mixing and the ρ
parameter, and study their onsequenes.
In hapter 4 we onstrut in detail the lattiized version of the previous model, i.e. the
version in whih the extra dimension is disretized. Lattiized as well as deonstruted mod-
els were devised as ultraviolet ompletions of the extra dimensional models. The latter are
not renormalizable beause the oupling onstants have dimensions of mass to some negative
power. This is suggesting that they must be understood as low energy eetive manifes-
tations of a more omplete theory. Models with deonstruted extra dimensions are usual
four-dimensional theories, whih, due to the speial nature of the interations present in the
Lagrangian, display an extra dimensional behaviour in ertain range of energies. These kind
of models have reeived a great deal of interest beause in some of their extensions the Higgs
boson is a pseudo-Goldstone boson, what would explain why it is so light and stable against
radiative orretions. This models are very similar to lattiized models. The latter are still
non-renormalizable but they an be understood as usual four-dimensional σ-models, and all
the known possible ultraviolet ompletions for the σ-models an be applied now. In this thesis
we study part of the phenomenology of the models with one lattiized extra dimension.
The next hapter is devoted to investigate the modiation of the running of the oupling
onstants in models with (ontinuous) extra dimensions. It has been pointed out that in extra
dimensional theories the running an be aelerated, i.e. the dependene with the energy
sale is not logarithmi, as usual, but an be power-like. This hange ould have as a major
onsequene that the uniation of the three interations ould be ahieved at a very low
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sale, of order a few TeV. We have studied in some detail, by resorting to simplied models,
how reliably this power orretions an be omputed without knowing the details of the more
omplete theory, i.e. the theory valid above the sale at whih the extra dimensional theory
eases to be orret. We have found that the oeients that govern this power orretions
are sensitive to the details of the theory in whih the extra dimensional theory is embedded.
This is a ompletely dierent result ompared with the situation in usual grand uniation
senarios where the uniation of the gauge oupling onstants an be tested without knowing
the details of the Grand Uniation Theory.
Finally, in hapter 6 we study a model with a non-universal extra dimension. In this
ase only the boson elds are allowed to propagate through the extra dimension, due to this
the extra-dimensional Lorentz symmetry is broken and the KK number onservation rule
does not apply. The results are ompared with those obtained when the extra dimension is
universal to show expliitly the importane of the KK number onservation. The bound on the
ompatiation sale is learly higher for the kind of models that lak this extra-dimensional
Lorentz symmetry beause the deviations from the SM preditions appear already at the
tree-level.
Chapter 2
Quantum eld theory with one
universal extra dimension
In this hapter we study the main features of theories with one additional spae dimension
aessible to all elds, alled universal extra dimension. To this end we study a number of
toy models whih we will use to show how to treat salar, spinor and vetor elds in ve
dimensions. We address the issue of ompatiation in this theories and study two dierent
topologies: a sphere, S1, as well as an orbifold, S1/Z2. It is shown that in the proess, alled
dimensional redution, one an trade the extra dimension for an innite tower of elds, alled
Kaluza-Klein (KK) tower or KK modes. The dierent topologies provide dierent low energy
theories even when one starts from the same ve dimensional Lagrangian. We will show
that the advantage of ompating in an orbifold is double: on one hand, only four of the
ve omponents of the vetor eld are present in the low-energy spetrum, on the other, it
an ontain hiral fermions. This opens the door to identifying the SM with the low energy
realization of an extra dimensional theory. Instead of studying possible extra dimensional
extensions of the SM, we rst propose some simple interations to gain some insight into the
properties of these theories while keeping the model as simple as possible. It is found that
a new kind of onserved number appears, the KK number. It ames from the fat that the
theories are loally invariant under the Lorentz group in ve dimensions. Stritly, it is not
onserved in the usual sense and therefore we study it in some detail. Its main ontribution
is to sreen, to some extent, the impat of the KK towers in the low-energy eetive theory.
2.1 Fields and interations in ve dimensions
In partile physis eah partile is assoiated to the quanta of a eld dened in the Minkowski
spae-time M4. The oordinates in this manifold are written as xµ where µ = 0, . . . , 3.
To extend this formulation to more dimensions one must dene elds that depend on 4 + d
oordinates, say ψ(xα), where α = 0, . . . , 3 + d. All the extra oordinates are supposed to be
assoiated with spatial dimensions, therefore the metri takes the form gαβ = (+,−, . . . ,−).
One this is done, a topology for the additional dimensions must be seleted. This hoie has
important onsequenes in the low-energy spetrum. In the next setions all this proess is
performed in detail for dierent kind of elds.
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2.1.1 Salar eld with self interation
Let us dene a omplex salar eld Φ(xα) that depends on the 4+d oordinates α = 0, 1, . . . , d.
The ation is dened in the usual way through the standard Klein-Gordon Lagrangian density
S =
∫
d4+dx L4+d(xα). (2.1)
For a omplex salar eld
L4+d = (∂αΦ)†(∂αΦ)−m2Φ†Φ, (2.2)
The rst onsequene is that the anonial dimension of the eld gets modied, now [Φ] =
E1+d/2, what will be important when studying the renormalization of theories with extra
dimensions. The next step to do is to speify the topology of the extra dimensions. The
simplest hoie is to assoiate a irumferene, S1, to eah one, i.e. the full manifold is a
diret produt of the Minkowski spae and d irumferenes, M =M4 × (S1)d. This means
that the extra oordinates are periodi with a periodiity of 2πR, assuming the same radius,
R. From this it follows that Φ an be expanded on its Fourier modes
Φ(xµ, ~x) =
∞∑
n1,...,nd=−∞
φ~n(x
µ)ei~n~x/R (2.3)
where ~x = (x4, . . . , xd−1) is a vetor whose omponents are the oordinates in the extra dimen-
sions and ~n = (n1, . . . , nd) identies unambiguously eah Fourier mode. By using Eq. (2.3)
the integration over the extra oordinates in Eq. (2.1) an be performed
S =
∫ ∞
−∞
d4x
∫
ddx L4+d ≡
∫ ∞
−∞
d4x L. (2.4)
This shows that this theory an be desribed by a four dimensional Lagrangian related with
the original one by the equation
L =
∫
ddx L4+d. (2.5)
This proess reeives the name of dimensional redution. It is independent of the kind of
eld(s) (salar, fermion, vetor, et...) that L4+d ontains, it only depends on our ability to
perform the integration over the oordinates of the extra dimensions.
In the ase we are studying this proess leads to
L =
∞∑
~n=−∞
(∂µφ
(~n))†(∂µφ(~n))− (m2 +m2~n)φ(~n)†φ(~n) m2~n = ~n2/R2. (2.6)
To obtain anonial kineti terms, the original elds, φ(~n), must be redened: φ(~n) → (2πR)−1φ(~n).
Eq. (2.6) shows one of the most important features of this kind of theories, speially, the
extra dimensions have been traded for an innite tower of elds, alled Kaluza-Klein tower
or KK tower, with inreasing masses. The lowest mass, the mass of the fundamental mode,
φ(
~0)
, is the one appearing initially in L4+d and in priniple is ompletely independent of R
and insensitive to the ompatiation proedure. In partiular, it ould be muh lower than
R−1 or even zero. Notie the degeneray in the spetrum, exept for the fundamental mode.
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Another important topology for the extra dimensions is the so alled orbifold. It is a bit
more ompliate than S1 and for the sake of simpliity we will onentrate on the ase of
a single extra dimension, whih is the important ase for this thesis. Its relevane will be
manifest in the next setions when we study the spinor and gauge elds. From now on, when
only a single extra dimension is present its oordinate, x4, will be denoted by y ≡ x4. The
topology of the spae-time is nowM4× (S1/Z2). S1 means that the extra dimension is again
periodi and Z2 reets the fat that the points −y and y are identied. The orbifold is
shematially represented in the gure.
y
y
−y
The rosses in the gure represent two speial points,
alled xed points, that are mapped onto themselves
under the orbifold symmetry: y → −y. When we
say that these points are identied we mean that the
values of the elds in them are related, i.e. Φ(−y) =
UΦ(y), where U is a unitary transformation that is a
symmetry in the original Lagrangian L4+d. As a result,
the physis on one side and on the other is exatly the
same, or more formally, the ation an be omputed
restriting the integration to the interval y ∈ [0, πR]
S =
∫
d4x
∫ 2πR
0
dy L5 = 2
∫
d4x
∫ πR
0
dy L5. (2.7)
If it is further imposed that U2 = 1, then for a salar eld it is perfetly valid the hoie
U = ±1. This extended symmetry imposes further struture to the elds, for one extra
dimension the S1 topology implies that a eld an be expanded as1
Φ(xµ, y) = φ(0)(xµ) +
∞∑
n=1
φ(n)+(xµ) cos
(ny
R
)
+
∞∑
n=1
φ(n)−(xµ) sin
(ny
R
)
. (2.8)
The orbifold topology requires that the elds are even or odd under the orbifold parity trans-
formation (y → −y), alling Φ+ and Φ− respetively
Φ+(−y) = +Φ+(y),
Φ−(−y) = −Φ−(y). (2.9)
Their expansions are now
Φ+(xµ, y) = φ(0)(xµ) +
∞∑
n=1
φ(n)+(xµ) cos
(ny
R
)
, (2.10)
Φ−(xµ, y) =
∞∑
n=1
φ(n)−(xµ) sin
(ny
R
)
. (2.11)
This is of great importane, sine only the even elds have a fundamental mode. Reall that
the mass of the fundamental mode was only determined by the mass in the original Lagrangian
and an be in priniple as low as desired. On the ontrary, the lower available mass for the
odd modes is R−1. Finally, taking L5 = (∂αφ)†(∂αφ)
L =
∫ πR
0
L5(Φ+) =
∞∑
n=0
1
2
[(∂µφ
(n))†(∂µφ(n))−m2nφ(n)†φ(n)], (2.12)
1
Of ourse this is the (2.20), where the exponentials have been expressed in terms of sines and osines.
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while for Φ− the expression is the same without the fundamental mode, hene the low-energy
spetrum is radially dierent. It is worth to stress that these theories had a lear separation
between low-energy and high-energy regimes due to the existene of a natural energy sale,
1/R, whih, exluding the zero mode, is the mass of the lightest mode. The partiles we know
ould be identied with the fundamental mode of an even eld, the smallness of R would
explain why no KK mode has yet been deteted. If this idea is true then we an make a
rough estimate of the size of the extra dimension, R−1 > 200 GeV beause this is the highest
energy diretly probed by aelerators. Of ourse, to obtain a serious bound it is required a
more evolved model and the areful study of radiative ontributions to preision observables
sine these KK modes would also modify SM preditions via virtual exhanges in loops. This
detailed study is the main aim of this work.
Up to this point only the free part of the theory has been investigated. As an example of
interation we will use a ve dimensional Φ4 self-interation in an orbifold; therefore we add
to the Lagrangian the next interation term
L5I = −
λ˜
4!
Φ4, (2.13)
where Φ is assumed to be a real and even eld. Notie that λ˜ is not dimensionless, it is easy
to derive that in general [λ˜] = E−d. By using the deomposition given in Eq. (2.10) one nds
after dimensional redution that the Lagrangian of this theory an be written as
L =
∞∑
n=0
1
2
[∂µφ
(n)∂µφ(n) −m2nφ(n)φ(n)]−
∞∑
n,m,p,q=0
λ
4!
Θnmpq φ
(n)φ(m)φ(p)φ(q), (2.14)
where a new dimensionless oupling onstant has been dened, λ = λ˜/
√
πR. The funtion Θ
is deomposed as the produt Θnmpq = θ∆nmpq. The rst is just a numerial fator due to the
fat that the fundamental mode has dierent normalization than the rest, it depends on the
number of fundamental modes present in the vertex, f , as θ = 2−
3f+1
2
. The seond is more
interesting beause it forbids ertain ombinations of indies
∆nmpq =
{
1 ±n±m± p± q = 0
0 otherwise
(2.15)
i.e. if any of the possible ombinations is zero then the vertex exists otherwise it is forbidden.
The Feynman rule for the vertex of the theory is otherwise straightforward, see Fig. 2.1. One
of the most interesting properties of the interation is that there is no vertex that ouples
three fundamental modes with one exited. This means that to reate partiles with n ≥ 1
from the partiles of the fundamental mode they must be reated in pairs, for instane through
the proess φ0φ0 → φnφn. Therefore the threshold for reating the new partiles is a least
twie the mass of the rst mode,
√
s ≥ 2m1. The situation is reminisent of other oasions in
physis where also new partiles had to be reated in pairs, as for instane the reation of the
harm quark. In that ase there was a symmetry behind: the harm quark had to be reated
via strong interations whih are avour-symmetri; thus, in order to reate a harm quark it
was neessary to reate also an antiharm quark.
In extra dimensions the pair prodution an also be related to a symmetry: the loal
ve-dimensional Lorentz symmetry of the tree level Lagrangian. However, this symmetry
is broken by the ompatiation. This breaking is a non-loal eet. Sine the verties
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n
m p
q
−i λ4!θ∆nmpq
Figure 2.1: Feynman Rule for Φ4 theory.
desribe always loal interations, all of them must onserve momentum. This is not true
for orrelators of the theory, as for instane the propagators or in general any n-point Green
funtion, beause they are extended objets. From Eq. (2.10) one an see that eah mode φ(n)
is assoiated with a stationary wave in the fth dimension (the osine in its exponential form
ontains ei
n
R
y
and e−i
n
R
y
with the same amplitude). This is onsistent with the fat that the
fth dimension is ompatied beause it shows that the momentum in the fth diretion is
quantized, p4 = ±n/R. The term Φ4 in the original Lagrangian ouples loally this waves.
The funtion ∆nmpq in the Feynman rule just heks if there is a hoie among all the possible
momenta in the vertex that preserves momentum.
Quantization of momentum in the diretion of the extra dimension provides another way
of understanding why the masses of the modes are mn; reall that due to Eq. (2.2) p
αpα = m
2
,
so
pαp
α = m2
E2 − |~p|2 − p24 = m2
pµp
µ = m2 + p24
p2 = m2 +m2n (2.16)
As stated, momentum is violated by quantum orretions beause these are inherently non-
loal, thus the masses, i.e. the spetrum of the theory, will also get radiative orretions
mn = n/R + δ
1−loop
n , and in general it eases to be true that the dierene between to
onseutive modes is R−1, see Ref. [3℄.
2.1.2 Spinor eld and Yukawa interations
The Dira equation in d dimensions reads
(iγ(d)α ∂
α −m)Ψ(xα) = 0 (2.17)
where α = 0, . . . , 3 + d. The quanta of the eld Ψ are the partiles desribed by it and will
obey the dispersion relation pαpα = m
2
provided the γ(d) matries obey the Cliord algebra
{γ(d)α , γ(d)β } = 2gαβ1 (2.18)
where gαβ = diag(+1,−1, . . . ,−1). So the problem of onstruting representations of the
Lorentz group in d dimensions is equivalent to looking for a set of matries that satisfy
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Eq. (2.18). One important outome is that the number of γ matries is equal to the number
of dimensions sine they always ome paired with a derivative, Eq. (2.17).
In this work we onentrate almost exlusively on the ase of ve dimensions, so we will
not look for representations in an arbitrary dimension d, this an be found for instane in
Ref. [4℄. Instead we will look for a set of ve gamma matries, γ
(5)
α , denoted for simpliity in
the following by Γα, that full Eq. (2.18). From now on, the indies denoted by the rst letters
in the Greek alphabet will take the values α, β = 0, . . . , 4, while as usual µ, ν = 0, . . . , 3. The
Γ's an be found in terms of the usual γ matries. It is easy to hek that the assignments
Γµ = γµ and Γ4 = iγ
5
indeed work, where γ5 = iγ0γ1γ2γ3.
The Dira's equation (2.17) an be obtained from the Lagrangian density
L5 = Ψ(iΓα∂α −m)Ψ. (2.19)
Of ourse, it is equivalent to solving the equation of motion of Eq. (2.17) and to working with
the ation obtained from Eq. (2.19), but working with L5 will simplify the alulations, hene
we will use it in the following.
First of all, notie that Ψ is a four omponent spinor, even if it is assoiated with a ve
dimensional representation. If we assume that the extra dimension is ompatied on a sphere,
S1, then the eld must be periodi in y and an be expanded in its Fourier modes
Ψ(xµ, y) = ψ(0)(xµ) +
∞∑
n=1
η(n)(xµ) cos
(ny
R
)
+ ε(n)(xµ) sin
(ny
R
)
(2.20)
Integrating on the extra dimension and resaling the elds
ψ(0) → 1√
πR
ψ(0) η(n) →
√
2
πR
η(n) ε(n) →
√
2
πR
ε(n), (2.21)
the four-dimensional Lagrangian density reads
L = ψ(0)(i/∂ −m)ψ(0) +
∞∑
n=1
η(n)(i/∂ −m)η(n) + ε(n)(i/∂ −m)ε(n) +mn(η(n)γ5ε(n) − ε(n)γ5η(n))
(2.22)
the elds η and ε are four-omponent spinors beause so it was Ψ. Using this, one an write
them in terms of their hirality omponents, η = ηR + ηL and similarly for ε.
L = ψ(0)(i/∂−m)ψ(0)+
∞∑
n=1
η(n)i/∂η(n)+ε(n)i/∂ε(n)−[ η(n)L ε(n)L ]
[
m −mn
mn m
][
η
(n)
R
ε
(n)
R
]
+h..
(2.23)
The mass matrix has to be diagonalized with a bi-unitary transformation. If we all M
the mass matrix in Eq. (2.23) then U †MV = mD. It turns out that U = 1 beause M
†M is
diagonal, therefore only the right-handed elds are hanged by V :[
η
(n)
R
ε
(n)
R
]
=
1√
m2 +m2n
[
m mn
−mn m
] [
η
′(n)
R
ε
′(n)
R
]
. (2.24)
Finally, if we dene the Dira (or vetor-like) elds ψ(n) ≡ η′(n)R + η(n)L and ξ(n) ≡ ε′(n)R + ε(n)L
the Lagrangian is written
L = ψ(0)(i/∂ −m)ψ(0) +
∞∑
n=1
ψ
(n)
(i/∂ −m′n)ψ(n) + ξ
(n)
(i/∂ −m′n)ξ(n), (2.25)
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where as in the ase of the boson eld m′n = +
√
m2 +m2n. From the above result one an
see that there are two innite KK towers formed by vetor-like spinors, ψ(n) and ξ(n), with
masses mn. Eq. (2.25) also shows that the fundamental low-energy spetrum is formed by a
vetor-like eld ψ(0) whih mass is the one appearing in the original Lagrangian.
This poses a serious problem if one wants to identify the fundamental mode with any of
the known partiles. Speially, we would want to identify the fundamental modes of a set
of elds as the elds appearing in the SM Lagrangian. But to ahieve this, it is essential that
the fundamental modes are hiral. In four dimensions, a hiral eld an be dened as the
eld that fulls simultaneously γ5Ψ = ±Ψ as well as the Dira equation i/∂Ψ = 0. One ould
try to impose the same denition in ve dimensions, but now the situation is ompletely
dierent beause in four dimensions γ5 antiommutes with all the γ matries, a fat that
eases to be true in ve dimensions. This is beause, in the former ase, the representation of
the Lorentz group that omes from the Dira's equation is not irreduible, but it is a diret
sum of two irreduible representations that an be distinguished by their dierent eigenvalues
under the ation of γ5. In ve dimensions γ5 is one of the γ matries, hene it no longer
antiommutes with all the γ matries, and as a onsequene the two equations an not be
fullled simultaneously. To see this in detail, let Ψ be a four-omponent spinor eld that fulls
the ve dimensional Dira's equation. Then the transformed eld γ5Ψ does not obey Dira's
equation
iΓα∂α(γ
5Ψ) = 0 (2.26)
γ5(−i/∂ + iΓ4∂y)Ψ = 0 (2.27)
(i/∂ − iΓ4∂y)Ψ = 0. (2.28)
Notie that it is the relative sign between Γ4 and the rest of γ matries what prevents γ5Ψ to
be a valid solution. But this sign an be reabsorbed by the derivative ∂y if the ation of γ
5
is
aompanied by a parity transformation in the fth diretion, i.e. Ψ′(y) = γ5Ψ(−y) will be a
solution of the Dira's equation if previously Ψ(y) is a solution. The presene of a mass term
in Eq. (2.26) would invalidate this last onlusion.
This result an be exploited to obtain hiral fundamental modes. Reall that we had
assigned the topology of a irumferene to the fth dimension S1; now suppose that impose
in addition that the ation omputed with the values of the elds in one side y ∈ [0, πR] is
the same as in the other y ∈ [−πR, 0], then to extrat the physis one only needs to look
for extremals of the ation S in only one side. This means that the value of a eld in one
side must be related with the values it takes in the other side by a transformation that is a
symmetry of the original Lagrangian, Ψ(−y) = UΨ(y). For a spinor eld we hoose U = ±γ5,
or what is the same we impose that the ombined ation of γ5 and y → −y should leave Ψ
invariant Ψ(y) = ±γ5Ψ(−y), with this, the Fourier modes are all hiral. Take for onreteness
the minus sign
Ψ(xµ, y) = ψ
(0)
L (x
µ) +
∞∑
n=1
η
(n)
L (x
µ) cos
(ny
R
)
+ ε
(n)
R (x
µ) sin
(ny
R
)
. (2.29)
So the modes that are even under y → −y have the same hirality as the fundamental one
while the ones that are odd have opposite hirality. Sine one only need to know the values
that the eld takes on one side, say y ∈ [0, πR], this means that the new topology is no other
than an orbifold, S1/Z2, see previous setion. The Lagrangian in ve dimensions is taken to
12 Chapter 2. Quantum eld theory with one universal extra dimension
be
L5F = ΨiΓα∂αΨ, (2.30)
and it has no mass term beause it breaks the orbifold symmetry. After the dimensional
redution the four-dimensional Lagrangian reads
LF = ψ(0)L i/∂ψ(0)L +
∞∑
n=1
ψ
(n)
[i/∂ −mn]ψ(n), (2.31)
where ψ(n) = η
(n)
L + ε
(n)
R . So we have nally ahieved a hiral fundamental mode, ψ
(0)
L . On
top of it, it has appeared a KK-tower of vetor-like elds, ψ(n), with masses mn.
If instead of the minus sign we had taken the plus, then we would have ended with a similar
equation but with sign of the mass reversed, i.e. for eah mode we would have obtained
ψ
(n)
[i/∂ + mn]ψ
(n)
. Of ourse, the sign of the mass is unobservable. So in addition of the
required eld redenitions to obtain a anonial kineti term, the modes of the elds with a
right-handed fundamental mode must be further redened to get the right sign of the mass.
Now that we have sueeded in onstruting a theory with hiral fundamental modes,
the next step is to study possible interations that may involve this kind of elds. We will
study in the following the Yukawa ouplings for two reasons: it is the easiest interation
between fermions and bosons and beause it is present in the SM. The interating elds will
be a spinor eld Ψ with a right-handed fundamental mode, another spinor eld χ with a
left-handed fundamental mode and a boson eld φ even under Z2. The orbifold topology is
assumed. The Lagrangian is taken to be
L5Y = Y˜ χφΨ+ h.. (2.32)
whih, as we will see, will provide a four-dimensional Yukawa interation for the zero modes.
The anonial dimensions of the Yukawa oupling onstant are [Y˜ ] = E
1
2
; this is the reason
why this theory is not renormalizable. Now, after dimensional redution and eld redenitions
to get anonial kineti terms, the Lagrangian reads
L = Y φ(0)χ(0)R Ψ(0)L +Y
∞∑
n=1
[φ(0)χ
(n)
ψ(n)+φ(n)χ
(0)
ψ(n)+φ(n)χ
(n)
ψ(0)]+
Y√
2
∞∑
n,p,q=1
∆npqφ
(n)χ(p)ψ(q)+h..
(2.33)
where y = y˜/
√
πR and ∆npq is dened in Eq. (2.15). Notie that there is no vertex that
ouples the fundamental modes n = 0 with only one single mode of the KK tower n > 0. The
last ones appear at least paired, and as a onsequene the energy threshold to produe them
using only the fundamental elds is twie the mass of the lightest KK mode,
√
s ≥ 2m1. This
feature also appeared when we studied the ase of the boson eld, and the same reasoning we
gave there applies now here.
2.1.3 Vetor bosons and gauge theories
In the previous setion we have onstruted a senario in whih the fundamental modes of
the extra dimensional salar and spinor elds an be identied with the elds in the SM. To
ahieve the full SM as a low-energy realization of a ve-dimensional theory we still need to do a
similar onstrution for the vetor elds. In ve dimensions these elds have ve omponents,
Aα, orresponding to the ve possible polarizations. Therefore, to assoiate Aα to one of the
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vetor elds in the SM we need to remove one of its omponents from the low-energy spetrum.
As we will see, this an be done when we ompatify the fth dimension on the orbifold. The
free Lagrangian in ve dimensions is taken to be
L5G = −
1
4
FαβFαβ = −1
4
(∂αAβ − ∂βAα)(∂αAβ − ∂βAα). (2.34)
To perform the dimensional redution we impose that the fth omponent of the eld A4 is
odd under the ation of Z2 while the rest Aµ are even. On the following the fth omponents
will be denoted by A5 beause it is done so in the literature.
Aµ(x
µ,−y) = Aµ(xµ, y), (2.35)
A5(x
µ,−y) = −A5(xµ, y). (2.36)
The above presription is not gauge invariant, it breaks gauge symmetry in ve dimensions
but preserves it in four. Dierent omponents of the strength tensor transform dierently:
Fµν → Fµν , (2.37)
Fαν → −Fαν . (2.38)
Despite of this, L5G is invariant under Eq.(2.35,2.36), as it should, sine both sides of S1 must
be physially equivalent. After dimensional redution the Lagrangian reads
LG = −1
4
F (0) ·F (0) +
∞∑
n=1
−1
4
F (n) ·F (n)+ 1
2
m2nA
(n)µA(n)µ +
1
2
∂µA
(n)
5 ∂
µA
(n)
5 +m
2
n∂µA
(n)
5 A
(n)µ,
(2.39)
where F
(n)
µν ≡ ∂µA(n)ν − ∂µA(n)ν and mn is dened in Eq. (2.6). LG shows that the A5 ompo-
nents are not present in the low-energy spetrum. Moreover, the modes A
(n)
µ have aquired
a mass , mn, A
(n)
5 being the Goldstone boson eaten by A
(n)
µ . The appearane of a tree-level
mixing between A
(n)
µ and A
(n)
5 suggest a gauge xing term of the form:
Lgf = − 1
2ξ
(∂µA
(n)µ − ξmnA(n)5 )2. (2.40)
This is very similar to the usual Rξ type of gauge xing, known from the SM. When Lgf is
taken in this way the propagators are
A
(0)
µ :: =
−i
k2
[
gµν − (1− ξ)kµkν
k2
]
,
A
(n)
µ :: =
−i
k2−m2n
[
gµν − (1− ξ) kµkν
k2−ξm2n
]
,
A
(n)
5 : : =
i
k2−ξm2n
.
(2.41)
Eq. (2.40) xes the gauge after ompatiation. One may wonder if it is equivalent to xing
it before ompatiation. We will not study this issue in detail here, we refer the interested
reader to Ref.[5℄, where it is treated. It is shown there that the hoies of the Feynman gauge
and unitary gauge in Eq. (2.40) an be obtained through suitable hoies in the gauge xing
terms before ompatiation, while there is no suh possibility for the Landau gauge, thus
to avoid any problem we will work always in the Feynman gauge.
Notie that the aim of the orbifold topology is to remove from the low-energy spetrum
the zero mode of the fth omponent of the gauge eld, A
(0)
5 , but as we will see, its presene
14 Chapter 2. Quantum eld theory with one universal extra dimension
would oer an interesting possibility. It ould be present as a massless salar if we ompatify
in a irumferene S1. The extra dimensional gauge symmetry forbids a mass term for it.
Nevertheless, we have seen that the ompatiation breaks this symmetry, therefore radiative
orretions will provide it mass. When these orretions are studied they are found to be
nite. The UV divergenes are not present beause at very high energies, very small distanes
(ompared to the ompatiation radius), all the dimensions are equivalent and A
(0)
5 is just
one omponent of a gauge eld and therefore it an not reeive any ontribution to its mass
beause of gauge symmetry. All the ontributions to its mass ame from the low energy. This
situation is very similar to the way in whih SUSY protets the mass of Higgs. In this ase the
Higgs is assoiated via the SUSY symmetry with a fermioni eld and the hiral symmetry
protets the mass terms for both superpartners. Basially, this is the idea behind the work
done in [6, 7, 8, 9℄ . More speially, the Higgs eld, a salar eld, an be assoiated to
a gauge eld Aα and with this, its mass an be proteted by gauge symmetry. Despite the
interest of these kind of models we will not follow them. Instead we will ontinue using the
orbifold topology without the A
(0)
5 eld in our spetrum.
The vetor elds appear in general in gauge theories. As an example of a ve dimensional
gauge theory we develop briey in the next lines a theory that redues to a version of QED
after ompatiation. Its low energy onsists in one massless hiral fermion oupled with a
massless photon via a gauge interation, a more detailed derivation is given in Ref.[5℄. The
Lagrangian is written as
L5 = L5G +Ψi /DΨ, (2.42)
where L5G is dened in Eq. (2.34) and the ve dimensional ovariant derivative is dened as
Dα = ∂α − ie˜Aα. After ompatiation the Lagrangian an be deomposed in the sum of
three terms L = LG + LF + LI , where LG and LF are dened in Eq. (2.39) and Eq. (2.31)
respetively, and the interation term an be divided in three piees LI = L0I + L0KI + LKI
L0I = e ψ(0)L /A0ψ(0)L (2.43)
L0KI = e
∞∑
n=1
ψ
(n)
/A(0)ψ(n) + e
∞∑
n=1
[
ψ
(0)
L /A
(n)ψ
(n)
L + iψ
(0)
L A
(n)
5 ψ
(n)
R + h..
]
(2.44)
LK = e√
2
∞∑
n,m=1
[
ψ
(n+m)
/A(m)ψ(n) − iψ(n+m)A(m)5 ψ(n) + h..
]
(2.45)
e√
2
∞∑
n,m=1
[
ψ
(m)
/A(n+m)γ5ψ(n) + iψ
(m)
A
(n+m)
5 γ
5ψ(n)
]
, (2.46)
where we have rewritten the ve-dimensional oupling e˜ in terms of the four dimensional e as
e = e˜/
√
πR. Notie that, as mentioned, the low-energy (below R−1) eetive theory orre-
sponds exatly to QED with one hiral fermion. In addition, all the verties onserve the KK
number as it happened in the previous examples, hene KK modes must be reated in pairs
from the fundamental modes what redues its impat on the low-energy phenomenology be-
ause the eetive Lagrangian only reeives ontributions at the one-loop level. The Feynman
rules an be easily read from the above formulae.
Chapter 3
SM with one universal extra
dimension
Until now we have onstruted a number of toy models that have helped us to study some
features of the theories with one extra dimension. In partiular we have shown that the funda-
mental modes of the dierent elds remain in the low-energy spetrum after ompatiation.
If the topology of the extra dimension is taken to be an orbifold then the fundamental modes
of the spinor elds are hiral and the ones of the vetor elds have only four omponents. We
exploit these results here to build a ve dimensional model, whih was initially proposed in
Ref. [10℄, that after ompatiation redues to the SM. We study the phenomenology and
use the results to set bounds on the ompatiation sale, R, or what is the same, to the
mass of the rst KK mode, to be denoted by M = R−1. We onentrate on the observables
with a strong dependene on the mass of the top-quark, mt, for whih the orretions to SM
will be enhaned. Although the proess b → sγ has no mt enhanement, the relative impat
of the new physis is also important beause it is one-loop suppressed in the SM due to gauge
invariane, hene we will also study it.
3.1 The model
We use the above onsiderations to simplify the Lagrangian of the model, and in what follows
all mass sales below mt will be negleted. On the other hand, onsidering that we are not
interested in strong proesses, we onentrate only on the gauge group SU(2)L ×U(1)Y . The
Lagrangian is separated in four piees
LUED =
∫ L=πR
0
dy(LG + LH + LF + LY ). (3.1)
The gauge piee is dened to be
LG = −1
4
F a · F a − 1
4
F · F (3.2)
where F aαβ is the ve dimensional gauge eld strength assoiated with the SU(2)L gauge group
and Fαβ is the one of the U(1)Y group
F aαβ = ∂αW
a
β − ∂βW aα + g˜ǫabcW bαW cβ (3.3)
Fαβ = ∂αBβ − ∂βBα (3.4)
15
16 Chapter 3. SM with one universal extra dimension
The Higgs piee is
LH = (DαH)†DαH − V (H), (3.5)
and the ovariant derivative is dened as Dα ≡ ∂α − ig˜W aαT a − ig˜′BαY , where g˜ and g˜′ are
the (dimension-full) gauge oupling onstants of SU(2)L and U(1)Y respetively in the ve
dimensional theory, T a and Y are the generators of these groups.
The fermioni piee is
LF = Q(iΓαDα)Q+ U(iΓαDα)U +D(iΓαDα)D, (3.6)
where Γα are the ve dimensional gamma matries. The elds Q, D and U arry a generational
index that is not expliitly written here.
Finally, the Yukawa piee reads
LY = −QY˜uHcU −QY˜dHD + h.. (3.7)
where Hc = iσ2H∗ is the usual harge onjugated eld and the Y˜u are the Yukawa matries
in the ve dimensional theory, whih, as usual, mix dierent generations.
We use the topology of the extra dimension, assumed to be an orbifold S1/Z2, and expand
the elds in a Fourier series
Gµ =
1√
πR
G(0)µ +
√
2
πR
∞∑
n=1
G(n)µ cos
(ny
R
)
(3.8)
G5 =
√
2
πR
∞∑
n=1
G
(n)
5 sin
(ny
R
)
(3.9)
Q =
1√
πR
Q
(0)
L +
√
2
πR
∞∑
n=1
[
Q
(n)
L cos
(ny
R
)
+Q
(n)
R sin
(ny
R
)]
(3.10)
U =
1√
πR
U
(0)
R +
√
2
πR
∞∑
n=1
[
U
(n)
R cos
(ny
R
)
+ U
(n)
L sin
(ny
R
)]
(3.11)
where the expansion for Gµ is valid for eah omponent of the gauge elds as well as for the
Higgs doublet, the one for G5 is valid for the fth omponent of the gauge elds. Analogously,
the expansion for U is valid also for D. We have inluded dierent normalization for the
modes to obtain anonial kineti terms after ompatiation.
3.1.1 The spetrum of the model
To make any alulation we require the spetrum of the model. In order to extrat it, the
Higgs setor has to be studied. It will undergo SSB, hene it will ontribute to the masses of
the dierent partiles. The Higgs doublet is parametrized as
H =
[
Φ+
Φ0
]
=
1√
2
[ −i(φ1 − iφ2)
φ0 + iφ3
]
, (3.12)
where φi are real elds. As a Higgs potential it is hosen
V (H) = −µ2H†H + λ˜
4!
(H†H)2, (3.13)
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where µ2 is a real positive parameter with mass dimensions and λ˜ is a real parameter with
dimension E−1. After dimensional redution the potential ontains a number of ouplings
between the dierent KK modes. Here we show only those that are relevant
V = −µ2H(0)†H(0) + λ
4!
(H(0)†H(0))2 +
∞∑
n=1
(−µ2 +m2n)H(n)†H(n) + (3.14)
+
∞∑
n=1
λ
4!
[
(H(0)†H(0))(H(n)†H(n)) + (H(0)†H(n))2 + (H(0)†H(n))(H(n)†H(0)) + h..
]
, (3.15)
where λ ≡ λ˜/(πR). The rst thing to notie is that the potential for the fundamental mode
indues SSB only for the zeroth mode, H(0), sine for n > 0 we expet reasonably m2n > µ
2
.
This is onsistent with the assoiation of the fundamental mode of H to the SM Higgs doublet.
Following with this idea, the neutral omponent of the doublet will get a VEV, speially,
〈φ(0)0 〉0 = v, what implies
φ
(0)
0 (x
µ) = v + h(xµ), 〈H(0)〉0 = v√
2
[
0
1
]
. (3.16)
On the ontrary, the modes of the KK tower (n > 0) do not undergo SSB beause their masses
before SSB are positive. Nevertheless, the terms in Eq. (3.15) will modify their masses after
SSB. At the end, the masses of the Higgs eld and its assoiated KK tower are
m2(h) = 2µ2 ≡ m2h, m2(φ(n)0 ) = m2h +m2n, n ≥ 1. (3.17)
Reall that the elds φ
(n)
0 , for n ≥ 1 do not get a VEV. For the rest of the elds the masses
are
m2(Φ±(n)) = m2(φ
(n)
3 ) = m
2
n, n ≥ 0. (3.18)
If our interpretation is orret, the elds Φ±(0) and φ
(0)
3 will be preisely the SM Goldstone
bosons absorbed by W± and Z, the fat that they are massless is also onsistent with the
identiation of H(0) with the SM Higgs doublet.
In the gauge setor, this SSB is also relevant. In addition, it is easy to onvine oneself
that this model oinides exatly with the SM when only zero modes are taken into aount,
what aounts for taking the limit mn → ∞. Thus, retaining only the zero modes, all goes
muh in the same way as in SM: the neutral omponent of the Higgs doublet gets a VEV and
indues mixing between W
(0)
µ3 and B
(0)
µ to give a massless gauge boson, the photon A
(0)
µ , and
a massive one, the Z boson Z
(0)
µ , the mixing being parametrized by the weak mixing angle
Z(0)µ = cos θw W
(0)
µ3 − sin θw B(0)µ (3.19)
A(0)µ = sin θw W
(0)
µ3 + cos θw B
(0)
µ (3.20)
and the same mixing is generated for A
(n)
µ and Z
(n)
µ . But we will onentrate on the harged
gauge bosons beause they will appear in our alulations. After the dimensional redution,
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the bilinear terms relevant for the gauge setor are
− 1
4
F aαβF
aαβ + (DαH)† (DαH)
D.R.−→ − 1
4
F (n)µν F
µν(n) + (m2n +M
2
W )W
+(n)
µ W
µ−(n)
(3.21)
+ ∂µW
+(n)
5 ∂
µW
−(n)
5 −M2WW+(n)5 W−(n)5 (3.22)
+ ∂µΦ
+(n)∂µΦ−(n) −m2nΦ+(n)Φ−(n) (3.23)
+ W µ(n)−∂µ(iMWΦ
+(n) +mnW
+(n)
5 ) + h..(3.24)
+ iMWmnW
−(n)
5 Φ
+(n) + h.., (3.25)
where the sum on n is impliit and we have used the tree level relation gv/2 = MW . The
previous equations an be understood as follows: the rst two show that the vetor bosons
W
(n)
µ are now massive with mass
√
M2W +m
2
n, while the fth omponents KK modes, W
(n)
5 ,
have beame massive harged salars with massesMW . Nevertheless, Eq. (3.24) and Eq. (3.25)
show thatW
(n)
5 have not diagonal mass terms, beause they mix with the modes of the harged
omponent of the Higgs doublet, Φ+(n). In partiular, Eq. (3.24) points out the ombination
that denes the Goldstone eld, Φ+G, that is been absorbed by the W
+(n)
µ elds to get masses.
The orthogonal ombination, Φ
+(n)
P , is a physial salar. The expressions that relate those
elds are
Φ
+(n)
G =
mnW
+(n)
5 + iMWΦ
+(n)√
m2n +M
2
W
MW→0−→ W+(n)5 , (3.26)
Φ
+(n)
P =
iMWW
+(n)
5 +mnΦ
+(n)√
m2n +M
2
W
MW→0−→ Φ+(n). (3.27)
These formulae are valid only for n ≥ 1. In the limit of negleting all mass sales below mt,
the mixing is not important and W
+(n)
5 an be identied with the Goldstone bosons, Φ
+(n)
G ,
and Φ+(n) with the physial salars, Φ
+(n)
P .
We pass now to study the quark setor, in partiular, the third generation beause it
ontains the top. To distinguish between the up and down omponents of the ve-dimensional
doublet Q in Eq. (3.10) we will use subindies that will arry also information about the
generation, e.g. when we write
Q =
[
Qt
Qb
]
(3.28)
we are denoting by Qt (Qb) the up (down) omponent of the weak doublet in the third genera-
tion. Analogously by Ut we denote the weak singlet of the third generation. After dimensional
redution Q
(n)
t aquires a mass mn and U
(n)
t a mass −mn, n > 0. These are Dira fermions
dened as Q
(n)
t = Q
(n)
tR + Q
(n)
tL . The masses reeive also ontributions oming from the ou-
plings with H(0), whih are ontained in the Yukawa setor, Eq. (3.7). Here we extrat the
relevant terms
LY = −YuQ(0)t H(0)cU (0)t − Yu
∞∑
n=1
Q
(n)
t H
(0)cU
(n)
t + h..+ . . . (3.29)
= −Yuv√
2
Q
(0)
t U
(0)
t −
Yuv√
2
∞∑
n=1
Q
(n)
t U
(n)
t + h..+ . . . , (3.30)
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where Yu ≡ Y˜u/
√
πR, and we have used Eq. (3.8). Sine the fundamental modes are, by
onstrution, identied with the SM elds, then Yu must be the SM Yukawa matrix, what
implies that the KK modes Q
(n)
t and U
(n)
t have a mixing proportional to the mass of the
top-quark, mt = Yuv/
√
2. So the bilinear terms for these elds may be written as
Lt ≡ t(i/∂−mt)t+
∞∑
n=1
Q
(n)
t i/∂Q
(n)
t +U
(n)
t i/∂U
(n)
t −
[
Q
(n)
t U
(n)
t
] [ mn mt
mt −mn
][
Q
(n)
t
U
(n)
t
]
,
(3.31)
We denote by t the top-quark, t = Q
(0)
tL +U
(0)
tR . The mass eigenelds, denoted by a prime, are[
Q
(n)
t
U
(n)
t
]
=
[
cos(αn) − sin(αn)
sin(αn) cos(αn)
] [
1 0
0 γ5
][
Q
′(n)
t
U
′(n)
t
]
, (3.32)
where tan(2αn) ≡ mt/mn and the γ5 is inluded to obtain a positive mass of the U ′(n)t . Finally,
the masses are
m(Q
′(n)
t ) = m(U
′(n)
t ) =
√
m2n +m
2
t ≡ mQ n > 0. (3.33)
In the alulations of this work, the degrees of freedom Q
′(n)
t and U
′(n)
t will appear inside
loops, hene it will be advantageous to work with the elds Q
(n)
t and U
(n)
t , we all the latter
the interation base. Sine they have not denite mass, the inverse of their quadrati forms,
i.e. their propagators, are not diagonal. In this base, the expression of the ouplings is simpler,
but the propagators are non-anonial, and the next expressions must be used for them

Q
(n)
t

Q
(n)
t
U
(n)
t

U
(n)
t
Q
(n)
t

U
(n)
t
 =
 i /p+mnp2−m2Q i mtp2−m2Q
i mt
p2−m2Q
i
/p−mn
p2−m2Q

3.1.2 Couplings
We will ompute the dominant orretions to the modiations of the ρ parameter, whih an
be found by alulating the radiative orretions to the self energies of the gauge bosonsW
(0)
µ1
and W
(0)
µ3 . To this end, we need to extrat the ouplings of W
(0)
µ1(3) with the KK modes of the
Q elds beause the mt proportional ontributions ome exlusively from them. This is so
beause the mass of the top, mt, only appears in the propagators of the Q and U elds and in
the verties proportional to the Yukawa matries, but neither this verties ontribute at one
loop in UED
1
, nor do the U elds, whih do not even ouple diretly to W
(0)
µ1(3). Therefore,
the relevant ouplings are
Lρ = g
2
W
(0)
µ1
[
Q
(n)
t γ
µQ
(n)
b +Q
(n)
b γ
µQ
(n)
t
]
+
g
2
W
(0)
µ3
[
Q
(n)
t γ
µQ
(n)
t
]
, (3.34)
where g = g˜/
√
πR. Notie that for simpliity we have not onsidered the CKM mixing
matrix
2
.
1
Beause in the limit of MW → 0 the Higgs doublets are not eaten by the gauge bosons, in ontrast with
what happens in SM.
2
We have expliitly heked that the alulations give exatly the same result when VCKM is taken into
aount and that this is numerially so beause in our approximation all quark masses are zero exept mt.
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The ouplings of the physial salar Φ+(n) with the modes of the top quark are also
important beause they are proportional to mt.
LY =
√
2
v
mtVtjU
(n)
R Q
(0)
j LΦ
(n)+ + h.. (3.35)
In this ase, it has been maintained the CKM mixing matrix beause we will need it to ast
the modiations in the B0 − B0 mixing in a standard form, whih is dened to bound any
new physis aeting this mixing. Notie that although Φ(n)+ are physial degrees of freedom
their ouplings are exatly the same as the Goldstone bosons of the SM.
We are also interested in the radiative orretions to the Z → bb deay, therefore we need
to know the ouplings of Zµ = Z
(0)
µ .
LZ = g
2cw
Zµ[J
µ
SM + J
µ(n) + J
µ(n)
Φ ], (3.36)
where the JµSM is the usual SM neutral urrent
JµSM = QLγ
µ2[T 3 − s2wQ]QL + URγµ2[T 3 − s2wQ]UR. (3.37)
Analogously we nd for Jµ(n), n ≥ 1:
Jµ(n) = Q
(n)
γµ2[T 3 − s2wQ]Q(n) + U (n)γµ2[T 3 − s2wQ]U (n). (3.38)
If we indiate expliitly the harges
T 3Q
(n)
t = +
1
2Q
(n)
t
T 3Q
(n)
b = −12Q
(n)
b
T 3U (n) = 0
Y Q
(n)
t = +
1
6Q
(n)
t
Y Q
(n)
b = +
1
6Q
(n)
b
Y U (n) = +23U
(n)
(3.39)
the urrent reads
Jµ(n) =
(
+1− 4
3
s2w
)
Q
(n)
t γ
µQ
(n)
t +
(
−1 + 2
3
s2w
)
Q
(n)
b γ
µQ
(n)
b +
(
−4
3
s2w
)
U
(n)
γµU (n). (3.40)
Finally, the ouplings with the KK modes of the Higgs doublet harged omponents are
J
µ(n)
Φ = (−1 + 2s2w)Φ+(n)i∂µΦ−(n) + h.. (3.41)
From Eq. (3.37), Eq. (3.40) and Eq. (3.41) it is now straightforward to extrat the orrespon-
dent Feynman rules for the ouplings with the Z. The ouplings of the photon an be derived
similarly.
3.2 Phenomenology
The detetion of the rst members of the KK towers would be a ompelling signature in favor
of extra dimensions. But until now, there is no diret detetion of any member of these towers
in the experiments. This means that we have to look for their ontributions to observables
through virtual prodution. Sine these are expeted to be small, the best plaes to look for
them are proesses that have been experimentally measured with high degree of preision or
that an only proeed through radiative orretions in the SM. Among the formers we will
study in the next setions the Z → bb¯ deay, the radiative orretions to the ρ parameter and
the B0 −B0 mixing, and among the latter the proess b→ sγ.
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3.2.1 Radiative orretions to the Z → bb deay
Shifts in the Zbb¯ oupling due to radiative orretions, either from within the SM or from new
physis, aet observables suh as the branhing ratio Rb = Γb/Γh, where Γb = Γ(Z → bb¯)
and Γh = Γ(Z → hadrons), or the left right asymmetry Ab. These type of orretions an
be treated uniformly by expressing them as a modiation to the tree level ouplings gL(R)
dened as
g
cW
bγµ(gLPL + gRPR)bZµ . (3.42)
Z and b's are SM elds, PL(R) are the hirality projetors and
gL = −1
2
+
1
3
s2W + δg
SM
L + δg
NP
L , (3.43)
gR =
1
3
s2W + δg
SM
R + δg
NP
R , (3.44)
where we have separated radiative orretions oming from SM ontributions and from new
physis, (NP). It turns out that, both within the SM as well as in most of its extensions, only
gL reeives orretions proportional to m
2
t at the one loop level, due to the dierene in the
ouplings between the two hiralities. In partiular, a shift δgNPL in the value of gL due to
new physis translates into a shift in Rb given by
δRb = 2Rb(1−Rb) gL
g2L + g
2
R
δgNPL , (3.45)
and to a shift in the left-right asymmetry Ab given by
δAb =
4g2RgL
(g2L + g
2
R)
2
δgNPL . (3.46)
These equations, when ompared with experimental data, will be used to set bounds on the
ompatiation sale.
By far the easiest way to ompute the leading top-quark-mass dependent one-loop orre-
tions to δgL from the SM itself, δg
SM
L , is to resort to the gaugeless limit of the SM [11℄, e.g.
the limit where the gauge ouplings g and g′, orresponding to the gauge groups SU(2)L and
U(1)Y respetively, are swithed o. In that limit the gauge bosons play the role of external
soures and the only propagating elds are the quarks, the Higgs eld, and the harged and
neutral Goldstone bosons G± and G0. As explained in [12, 13℄ one may relate the one-loop
vertex Zbb¯ to the orresponding G0bb¯ vertex by means of a Ward identity; the latter is a diret
onsequene of urrent onservation, whih holds for the neutral urrent before and after the
Higgs doublet aquires a vauum expetation value v.
In pratie, arrying out the alulation in the aforementioned limit amounts to the el-
ementary omputation of the one-loop o-shell vertex G0bb¯. In the gaugeless limit and for
massless b-quarks the only ontribution to this vertex is depited in Fig. 3.1, where the ross in
the top-quark line represents a top-quark mass insertion needed to ip hirality (the diagram
with an insertion in the other top-quark line is assumed). This diagram gives a derivative
oupling of the Goldstone eld to the b-quarks whih an be gauged (or related to the Z
vertex through the Ward identity) to reover the Zbb¯ vertex. Then, one immediately nds
δgSML ≈
√
2GFm
4
t
(2π)4
∫
id4k
(k2 −m2t )2k2
=
√
2GFm
2
t
(4π)2
, (3.47)
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Figure 3.1: The diagram ontributing to the SM G0bb¯ vertex in the gaugeless limit for massless b-quarks.
where GF is the Fermi onstant. The m
4
t dependene (oming from three Yukawa ouplings
and one mass insertion) is partially ompensated by the 1/m2t dependene oming from the
loop integral.
In the ase of a single UED this argument persists: one must simply onsider the analog
of diagram in Fig. 3.1, where now the partiles inside the loop have been replaed by their
KK modes, as shown in Fig. 3.2. If we denote by δgUEDL the new physis ontributions in the
UED model (the SM ontributions are not inluded) the result is
δgUEDL ≈
√
2GFm
4
t
(2π)4
∞∑
n=1
∫
id4k
(k2 −m2Q)2(k2 −m2n)
=
√
2GFm
4
t
(4π)2
∞∑
n=1
∫ 1
0
dxx
xm2t +m
2
n
≈
√
2GFm
4
t
(4π)2
π2R2
12
, (3.48)
and depends quartially on the mass of the top quark. Notie that there are several dierenes
with respet to the SM: (i) The ross now represents the mixing mass term between Q
(n)
t
and U
(n)
t , whih is proportional to mt; (ii) The Φ
±(n)
, for n 6= 0, are essentially the physial
KK modes of the harged Higgses as shown in Eq.(3.27); (iii) From the virtual momentum
integration one obtains now a fator 1/m2n, instead of the fator 1/m
2
t of the SM ase.
This simple alulation allows us to understand easily the leading orretions arising from
extra dimensions. A more standard alulation of the Zbb¯ vertex in UED yields exatly the
same result. In this ase the radiative orretions to the Zbb¯ vertex stem from the diagrams
of Fig. 3.3.
If we neglet the b-quark mass and take MZ ≪ R−1, the result, for eah mode, an be
expressed in terms of a single funtion, f(rn), dened as
iM(n) = i g
cw
√
2GFm
2
t
(4π)2
f(rn)u
′γµPLuǫµ , (3.49)
where u and u′ are the spinors of the b quarks and ǫµ stands for the polarization vetor of the
Z boson. The argument of the funtion f is rn = m
2
t /m
2
n.
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Figure 3.2: The dominant diagram ontributing to the UED G0bb¯ vertex in the gaugeless limit for massless
b-quarks.
Although the omplete result is nite, partial results are divergent and are regularized by
using dimensional regularization. The ontributions of the dierent diagrams in Fig. 3.3 are
f (a)(rn) =
(
1− 4
3
s2w
)[
rn − log(1 + rn)
rn
]
,
f (b)(rn) =
(
−2
3
s2w
)[
δn − 1 + 2rn + r
2
n − 2(1 + r2n) log(1 + rn)
2r2n
]
,
f (c)(rn) =
(
−1
2
+ s2w
)[
δn +
2rn + 3r
2
n − 2(1 + rn)2 log(1 + rn)
2r2n
]
,
f (d)(rn) + f
(e)(rn) =
(
1
2
− 1
3
s2w
)[
δn +
2rn + 3r
2
n − 2(1 + rn)2 log(1 + rn)
2r2n
]
, (3.50)
where δn ≡ 2/ǫ−γ+log(4π)+ log(µ2/m2n), and µ is the 't Hooft mass sale. From Eq. (3.50)
it is straightforward to verify that all terms proportional to δn anel, and so do all terms
proportional to s2w, as expeted from the gaugeless limit result. Thus, nally, the only term
whih survives is the term in f (a)(rn) not proportional to s
2
w, yielding the following (per mode)
ontribution to gL:
δg
(n)
L =
√
2GFm
2
t
(4π)2
[
rn − log(1 + rn)
rn
]
, (3.51)
whih is preisely the one obtained from the gaugeless limit alulation, e.g. Eq. (3.48) with
the elementary integration over the Feynman parameter x already arried out. Notie also
that the above result is onsistent with the deoupling theorem sine the ontribution for eah
mode vanishes when its mass is taken to innity, i.e. rn → 0.
In order to ompute the eet of the entire KK tower, it is more onvenient to rst arry out
the sum and then evaluate the Feynman parameter integral; this interhange is mathematially
legitimate sine the nal answer is onvergent. Thus,
δgUEDL =
∞∑
n=1
δg
(n)
L =
√
2GFm
2
t
(4π)2
∫ 1
0
dx
∞∑
n=1
rnx
1 + rnx
=
√
2GFm
2
t
(4π)2
FUED(a) , (3.52)
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Figure 3.3: Dominant UED ontributions to the Zbb¯ vertex.
where a = πRmt, and the funtion F (a) is dened in general as
F (a) ≡ δg
NP
L
δgSML
. (3.53)
In the ase of UED
FUED(a) = −1
2
+
a
2
∫ 1
0
dx
√
x coth(a
√
x) ≈ a
2
12
− a
4
270
+O(a6) . (3.54)
It is instrutive to ompare the above result with the one obtained in the ontext of models
where the extra dimension is not universal
3
. In partiular, in the model onsidered in Ref. [14℄
the fermions live in four dimensions, and only the gauge bosons and the Higgs doublet live
in ve [15℄. In this ase there is no KK tower for the fermions, and therefore, in the loop-
diagrams appear only the SM quarks interating with the KK tower of the Higgs elds. The
result displays a logarithmi dependene on the parameter a, whih gives rise to a relatively
tight lower bound on R−1, of the order of 1 TeV. Speially, the orresponding F (a) is given
by
4
F (a) = −1 + 2a
∫ ∞
0
dx
x2
(1 + x2)2
coth(ax) ≈
(
2
3
log(π/a)− 1
3
− 4
π2
ζ ′(2)
)
a2 , (3.55)
where the expansion on the seond line holds for small values of a, and ζ ′ is the derivative
of the Riemann Zeta funtion. The appearane of the log(a) in F (a) and its absene from
FUED(a) may be easily understood from the eetive theory point of view: due to the KK-
number onservation in UED models, the tree-level low energy eetive Lagrangian when
3
In Chapter 6 we study some of these models.
4
Note that, unlike in Ref. [14℄, the F (a) does not inlude the SM ontribution.
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all KK modes are integrated out is exatly the Standard Model; there are no additional
tree-level operators suppressed by the ompatiation sale. Sine the one-loop logarithmi
ontributions in the full theory an be obtained in the eetive theory by omputing the
running of operators generated at tree level, it is lear that in the UED no log(a) an appear
at one loop in low energy observables. The situation is ompletely dierent if higher dimension
operators are already generated at tree level, as is the ase of the model onsidered in Ref. [14℄,
where the leading logarithmi orretions an be omputed by using the tree-level eetive
operators in loops.
We next turn to the bounds on R−1. We will use the SM predition RSMb = 0.21569 ± 0.00016
and the experimentally measured value Rexpb = 0.21664 ± 0.00068. Combining Eq. (3.45) and
Eq. (3.53), we obtain F (a) = −0.24±0.31, and making a weak signal treatment [16℄ we arrive
at the 95% CL bound F (a) < 0.39. The results for a single UED an be easily derived from
Eq. (3.54), yielding
R−1 > 230 GeV 95%CL. (3.56)
The SM predition for the left-right asymmetry ASMb = 0.9347 ± 0.0001, and the measured
value Aexpb = 0.921 ± 0.020 gives a looser bound.
3.2.2 Radiative orretions to b→ sγ
The experimental observable is the semi-inlusive deay Br(B → Xsγ). Using heavy quark
expansion it is found that, up to small bound state orretions, this deay agrees with the
parton model rates for the underlaying deays of the b quark [17, 18℄, b → sγ. This avor
violating transition is a very good plae to look for new physis beause in the SM it is forbid-
den at tree level due to gauge symmetry, it an though proeed through radiative orretions.
From an eetive eld theory point of view the transition an be understood as due to the
generation via radiative orretions of the next eetive Hamiltonian
Heff = 4GF√
2
V ∗tsVtb
8∑
i=1
CiOi (3.57)
where O7 operator is the one that drives the transition b→ sγ
O7 = e
(4π)2
mbsσ
µνPRbFµν . (3.58)
Notie that the presene of the strength tensor, Fµν , guarantees the gauge invariane of O7. As
usual, the operators enode the low energy physis while the high energy physis is ontained
in the oeients, in this ase C7.
In the SM and at the sale of the W mass, CSM7 (MW ) = −1/2 A(m2t /M2W ), where
A(x) = x
[
2
3x
2 + 512x− 712
(x− 1)3 −
(
3
2x
2 − x) lnx
(x− 1)4
]
(3.59)
The leading logarithmi ontributions of the two loop alulations are important, these
ome from standard QCD running from MW to mb. The RGE reads [19, 20℄
C7(mb) ≈ 0.698 C7(MW )− 0.156 C2(MW ) + 0.086 C8(MW ), (3.60)
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Figure 3.4: Diagrams that ontribute to O7 in UED.
where C2 and C8 are the oeients of the operators O2 and O8 respetively, whih are dened
as
O2 = [cLαγµbLα][sLβγµcLβ ], (3.61)
O8 = gs
(4π)2
mbsLασ
µνT aαβbRβG
a
µν . (3.62)
α and β are olor indexes. In the ase of SM, the ontribution of O8 is negligible, C8(MW ) =
−0.097 [20℄, but the one of O2, C2(MW ) = 1, turns out to be important.
In UED the transition also proeeds through the same eetive Hamiltonian but the oef-
ient C7 reeives new ontributions aside the ones oming from SM, and the running ould
be dierent for eah ase beause C2 and C8 are also modied. The value of C7 at the sale
MW stems from the diagrams in Fig. 3.4
There are also diagrams in whih the Φ±(n) are replaed by W
(n)
µ and by the non physial
degrees of freedomW
(n)
5 but sine the ouplings of these are redued by a fator (MW /mt)
2 ≈ 0.22
we will ignore them and work at this level of preision.
Observe that we have not onsidered the self energies of the external legs, in opposition to
what we did with Z → bb beause these diagrams do not ontribute to O7. In addition, they
are proportional to mt and its struture is of the form uγ
µu; when all the ontributions with
this struture are added, they anel exatly. Hene, the Zµbγ
µb vertex does not appear as it
should be sine it is forbidden by gauge invariane.
The ontribution of the n-th mode to the C7 oeient an be written in the form [19℄
C
(n)
7 =
m2t
m2t +m
2
n
[
B
(
m2t +m
2
n
m2n
)
− 1
6
A
(
m2t +m
2
n
m2n
)]
(3.63)
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where B(x) is given by
B(x) =
x
2
[
5
6x− 12
(x− 1)2 −
(
x− 23
)
log x
(x− 1)3
]
(3.64)
This result an be obtained by diret alulation but the more elegant reasoning given in
Ref. [19℄ is also possible. An expansion of C
(n)
7 reveals that it is free of logarithms that relate
the two dierent mass sales: mn and mt.
C
(n)
7 =
23
144
m2t
m2n
− 13
120
m4t
m4n
+O
(
m6t
m6n
)
. (3.65)
This result an be understood by using eetive eld theory ideas: when the heavy degrees
of freedom are integrated out, the tree level eetive Lagrangian is exatly the SM, there are
no additional tree level operators suppressed by powers of m−1n . It is well known that the
dominant logarithms that may appear relating the two dierent sales an be reovered from
the running of the operators in the low energy eetive Lagrangian indued by the presene of
the additional operators, sine in our ase they are not present no logs an appear in Eq. (3.65).
Finally, all ontributions must be put together
CUED7 (MW ) = C
SM
7 (MW ) +
∞∑
n=1
C
(n)
7 (MW ), (3.66)
where we have negleted the running between mt and MW , i.e. C
UED
7 (mt) ≈ CUED7 (MW ).
One we have determined C7(MW ) the next step is to apply the RGE given in Eq. (3.60)
and ompute C7(mb). To this end we need C2(MW ) and C8(MW ), C2(MW ) = 1, i.e. it takes
the SM value beause it is a ontribution at tree level while the UED ontributions are at
the one-loop level. In addition, the small oeient of C8 in the equation (3.60) and the fat
that C8 is expeted to be small allows us to neglet again this term in the running. The
modiations to b → clν, the neessity of whih will be explained later, are also negligible
beause UED orrets it again at the one loop level and in the SM it is already orreted at
tree level.
To extrat the bounds this proess sets, it is used the observable
Γ˜ =
Γ(b→ sγ)
Γ(b→ clν) (3.67)
that laks the mb dependene and therefore presents smaller unertainty [21℄: 10% for the
theoretial value and 15% for the experimental determination (both at 1σ). When ompared,
it is found that if a 95% CL is required the urrent bounds allow a modiation as big as a
36% with respet to the SM value [19℄, i.e. |Γ˜total/Γ˜SM − 1| ≤ 0.36. Sine the proess b→ clν
is not modied by the new physis the previous equation an be easily translated into the
more useful one ∣∣∣∣ |Ctotal7 (mb)|2|CSM7 (mb)|2 − 1
∣∣∣∣ < 0.36 95% CL, (3.68)
and from this the bound an be found to be
R−1 ≤ 300 GeV 95% CL. (3.69)
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Figure 3.5: Diagrams that ontribute to the ρ parameter in UED.
3.2.3 Radiative orretions to the ρ parameter
The ρ parameter an be dened as the ratio of the relative strength of neutral to harged
urrent interations at low momentum transfer. In the SM, and at tree level, it is predited
to be unity as a onsequene of the ustodial symmetry of the Higgs potential:
ρ ≡ GNC(0)
GCC(0)
≈ M
2
W
c2WM
2
Z
= 1 . (3.70)
Beause the SM ontains ouplings that violate the symmetry (the Yukawa ouplings and the
U(1) oupling g′) radiative orretions modify the tree-level value of ρ. At one loop, ρ reeives
orretions from vertex, box and gauge-boson self-energy diagrams; however the dominant
ontributions, proportional to m2t , ome from the top-quark loops inside the gauge boson
self-energies. Keeping only these ontributions, one has
ρ = 1 +
ΣW (0)
M2W
− ΣZ(0)
M2Z
≈ 1 + 1
M2W
(
Σ1(0)− Σ3(0)
)
≈ 1 +Nc
√
2GFm
2
t
(4π)2
. (3.71)
ΣW (0) and ΣZ(0) are o-fators of the g
µν
in the one-loop self-energies of theW and Z bosons,
evaluated at q2 = 0, and Σ1(0) and Σ3(0) are the equivalent funtions for the W1 and W3
omponents of the SU(2) gauge bosons. In arriving at the above formula one uses the fat
that the photon-Z self-energy ΣµνAZ is transverse, i.e. ΣAZ(0) = 0; this last property holds only
for the subset of graphs ontaining fermion-loops, but is no longer true when gauge-bosons
are onsidered inside the loops of ΣAZ [22, 23℄. Finally, Nc is the number of olors.
In UED the tree-level value is the same as in SM beause, as we have seen, the rst
orretions appear at the one-loop level. The relevant diagrams are shown in Fig. 3.5.
As we are using the interation elds, only the Q elds ontribute. Sine these are not the
mass eigenelds there are more diagrams with the propagators that mix Q and U elds, but
the latter are singlets under SU(2), and, therefore, do not ouple toW
(n)
µ . No diagram with U
elds gives any ontribution, whih is the reason why in this base the alulus is muh easier.
Had we hosen to work with the mass eigenstates, then we would had to onsider all elds
inside the loop beause all of them have projetion on the Q elds and the verties would have
been more ompliate ontaining ombinations of sin(αn) and cos(αn).
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The self-energy orretions due to a single mode are
iΣ
(n)
1 (q
2) = iΣ
(a)
1 + iΣ
(b)
1 = 2g
2Ncm
2
t
i
(4π)2
[
1
2ǫˆ
− b1(m2n,m2Q, q2)
]
(3.72)
iΣ
(n)
3 (q
2) = iΣ
(c)
3 = 2g
2Ncm
2
t
i
(4π)2
[
1
2ǫˆ
− b1(m2Q,m2Q, q2)
]
,
where
m2Q = m
2
n +m
2
t
1
ǫˆ
=
2
ǫ
− γ + log(4π) + log(µ2) (3.73)
µ is an arbitrary mass sale introdued in dimensional regularization. The funtion b1 is
dened as
b1(m
2
1,m
2
2, q
2) ≡
∫ 1
0
dx x log
(
∆(m21,m
2
2, q
2)
µ2
)
(3.74)
and
∆(m21,m
2
2, q
2) = xm22 + (1− x)m21 − x(1− x)q2. (3.75)
The total ontribution is found by summing up the whole KK tower. This an be done
with a bit of are: rst onsider the ontribution of the rst N modes whih an be obtained
from Eq. (3.72) and Eq. (3.74). After a bit of numeris, it an be expressed in the following
way
iΣ1 =
N∑
n=1
iΣ
(n)
1 = g
2Ncm
2
t
i
(4π)2
[
N
ǫˆ
−
N∑
n=1
log(m2n)− log(1 + rn) +
∫ 1
0
dx x2
N∑
n=1
rn
1 + rnx
]
iΣ3 =
N∑
n=1
iΣ
(n)
3 = g
2Ncm
2
t
i
(4π)2
[
N
ǫˆ
−
N∑
n=1
log(m2n)− log(1 + rn)
]
.
From the point of view of the ve dimensional theory these equations an be interpreted as the
regularized integrations over the ve omponents of momentum using a mixed regularization
sheme: dimensional regularization to render nite the integral over the four momentum
and uto regularization for the integral over the fth omponent. The seond logarithm is
onvergent, sine term by term is smaller than the general term of the harmoni series
∞∑
n=1
log (1 + rn) <
(mtRπ)
2
6
(rn > 0) (3.76)
The last term in (3.76) an be also easily summed when N →∞ and then integrated by using
the identity
∞∑
n=1
1
(nπ)2 + α2
=
α cothα− 1
2α2
. (3.77)
Observe that the divergenes related with the limits d → 4 (ǫˆ → 0) and N → ∞ anel
when the subtration is performed, so we an safely take these limits. It should be this way
beause divergenes present the same symmetries than the tree level terms, and at this level
Wµ1 and Wµ3 have the same mass. Thus the ontribution of eah mode is perfetly nite and
reads
∆ρ(n) =
4
g2v2
[
Σ
(n)
1 (0) − Σ(n)3 (0)
]
= 2Nc
√
2GFm
2
t
(4π)2
[
1− 2
rn
+
2
r2n
log(1 + rn)
]
, (3.78)
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where rn = m
2
t /m
2
n. The fator two of dierene with respet the SM an be understood
in the following way: take the limit in Eq. (3.78) mn → 0 whih orresponds to gain the
fundamental mode ontribution, but this limit has to predit twie the atual ontribution of
the fundamental mode beause in Eq. (3.78) eah mode has left and right ontributions oming
from Q
(n)
t L(R) and Q
(n)
b L(R) running inside the loops, so the proposed limit would oinide with
the SM predition if the fundamental mode has had left and right ontribution, whih is not
the ase. In addition to this, the ontribution of a diagram with a given set of elds and the
diagram with all the hiralities reversed is the same.
Eq. (3.78) is onsistent with the deoupling theorem [24℄; if the mass of an individual
mode, mn, is taken to innity, i.e. rn → 0, its ontribution vanishes
∆ρ(n) = 2Nc
√
2GFm
2
t
(4π)2
[
2
3
rn +O(r2n)
]
. (3.79)
Finally
∆ρUED =
∞∑
n=1
∆ρ(n) =
4
g2v2
[
Σ
(n)
1 − Σ(n)3
]
= 2Nc
√
2GFm
2
t
(4π)2
∫ 1
0
dx x
[
a
√
x coth(a
√
x)− 1] ,
(3.80)
where we have used Eq. (3.77). This an be expressed in a more ompat form
∆ρSM +∆ρUED
∆ρSM
= 2
∫ 1
0
dx x
[
a
√
x coth(a
√
x)
]
, (3.81)
where a = mtRπ.
With the previous results we an extrat the bounds oming from the experimental mea-
sures. In order to disriminate between the orretions oming from SM and the ones oming
exlusively from new physis we work with the T parameter as dened in PDG [25℄. It ontains
only the orretions to ρ oming from new physis. We will adopt the PDG denitions.
The ontribution to T an be extrated from Eq. (3.80), for small mtR it an be expanded
as
T ≈ 2.85(mtR)2
[
1− 0.49(mtR)2 + 0.37(mtR)4
]
, (3.82)
sine the ontributions to the T parameter oming from new physis are bounded to be T < 0.4
at 95 % CL, the lower bound is
R−1UED > 450 GeV, (3.83)
whih at the end, will be the best of all bounds. This alulation was rstly done in Ref. [10℄
and later on orreted in Ref. [26℄. Our result is in agreement with the latter.
3.2.4 Radiative orretions to the B0 − B0 system
The models we are studying in this paper fall within the so alled Minimal avor violating
(MFV) models beause they fulll the next two onditions:
• Only the SM operators in the eetive weak Hamiltonian are relevant
• Flavor violation is entirely governed by the CKM matrix
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Figure 3.6: Diagrams that ontribute to the B0 −B0 mixing in UED.
The two Higgs doublet model and the MSSM at low tan β (and of ourse the SM) belong
also to the MFV lass of models. The interesting virtue of the MFV models is that with
respet to B0−B0 mixings and the CP-violating parameter εK , they all an be parametrized
by a single funtion S(xt) [27℄. In the literature the S(xt) funtion appears also under the
name Ftt, and in general eases to be only funtion of xt = m
2
t/M
2
W . In our ase, at the level
of preision we are working S is only funtion of xt. S(xt) an be dened as
Heff =
M2WG
2
F (VtbV
∗
td)
2
(4π)2
S(xt)[dγ
µ(1− γ5)b][dγµ(1− γ5)b]. (3.84)
The dominant ontributions to S(xt) will be proportional to xt, hene proportional to
mt proportional orretions. In SM, this funtion is dominated by the box diagrams with
longitudinal W exhanges and the quark top running inside the loop
SSM (xt) =
xt
4
[
1 +
9
1− xt −
6
(1− xt)2 −
6x2t log(xt)
(1− xt)3
]
. (3.85)
The measured top quark mass mt = 175 GeV implies SSM(xt) ≈ 2.5. In UED, the
radiative orretions from new physis an be enoded into a funtion, whih we all G(a)
that is dened as
S(xt) = SSM(xt) + δS(xt), δS(xt) =
xt
4
(G(a) − 1). (3.86)
The ontributions to this funtion ome from the amplitude of the diagrams shown in
Fig. 3.6. In ontrast with what happens in the omputation of the modiations to ρ, only the
U elds are important in this ase beause the ouplings of Q elds with the Φ are proportional
to the mass of the b quark. After the usual Fierz reordering and a bit of ombinatoris, done
also in the SM, the result is:
GUED(a) =
∫ 1
0
dx (1− x) [a√x coth(a√x) + 1] ≈ 1 + a2
18
− a
4
540
+ . . . , (3.87)
where a = mtπR. The last experimental determinations [27℄ agree with the SM expetations
1.3 ≤ S(xt) ≤ 3.8 95% CL. (3.88)
The possible positive ontributions have been lowered with respet to previous determinations
[28℄ allowing better bounds
R−1UED > 40 GeV 95% CL. (3.89)
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Z → bb b→ s+ γ B0 −B0 ρ
M(GeV) 230 300 40 450
Table 3.1: Bounds oming from the dierent observables.
This bound is an order of magnitude worse than the obtained using ρ. Conversely, if the bound
oming from the ρ parameter is taken, ontributions to S(xt) ompatible with experiment are
found to be relatively big.
Given the future experimental improvements on the determinations of sin 2β by BaBar and
BELLE and in partiular of the mass splitting ∆Ms for the B setor in LHC and FNAL one
may use this observable to predit possible deviations from the SM preditions. It turns out
that to an exellent auray [29℄ the mentioned deviations in the ase of ∆Ms are governed
by G(a)
GNP (a) =
(∆Ms)NP
(∆Ms)SM
> 1 (3.90)
The value of G(a) is too small to be disriminated experimentally. This result was initially
derived in Ref. [29℄, where it is explained that the possible existene of extra dimensions will
not pollute the extration of the CKM matrix parameters from the future improvements in
the determination of the unitarity triangle.
3.3 Outlook and onlusions
In this hapter we have studied an extra dimensional extension of the SM, in whih one single
extra dimension is aessible to all the elds. This senario is alled universal extra dimension,
or UED. As explained in the previous hapter, one onsequene of the universal senarios is
the onservation of KK number, what implies that the orretions to the SM results are at
least one-loop suppressed. Given the smallness of these orretions we have studied preision
observables that display a strong dependene on the mass of the top-quark, mt, beause
this dependene enhanes the relative importane of the new physis with respet to the SM
preditions. In partiular, we have studied the radiative orretions for the Z → bb deay, the
ρ parameter and the B0 − B0 mixing. The b → sγ proess has been also studied. Although
it is not enhaned by a large mass, the relative impat of the new physis is important for it
beause in the SM it is one-loop suppressed, hene the new ontributions an be ompetitive
with the SM radiative orretions.
By omparing these dierent observables with data, bounds on the ompatiation sale,
R, an be set. Equivalently, these results an be translated into bounds on the mass of the
rst member in the KK tower, M = R−1. The table 3.1 summarizes the results. The sale
of the new physis an be as low as 450 GeV without ontraditing any of the experimental
determinations. This is a relatively low value for M beause preision observables, in general,
tend to establish the sale of any new physis around or above the TeV. The reason why the
sale for the universal extra dimension an be so low without aeting too muh preision
observables is the above mentioned one-loop suppression due to the KK number onservation.
Chapter 4
SM with one lattiized universal extra
dimension
In the previous hapter we have studied models with one extra dimension and with all SM
elds propagating in it. The models displayed two dierent energy regimes: the low energy,
below the ompatiation sale, redued to the SM while the high energy regime desribed the
ouplings among the modes of the KK towers. Beause of the presene of the extra dimension
the oupling onstants are dimension full, in partiular Yukawa ouplings and gauge ouplings,
that are dimensionless quantities in the SM, have dimensions of energy raised to some negative
power, whih is the reason why these theories are non-renormalizable. Hene, they must be
understood as eetive eld theories that in their low energy limit redue to the SM. A possible
ultraviolet ompletion was proposed in Ref. [30℄, whih eventually treated the extra dimensions
as if they were disontinuous. The idea of a disretized dimension was also simultaneously
suggested in Ref. [31, 32℄. The latter is not really an ultraviolet ompletion beause the
Lagrangian is desribed by a number of σ-models, but for this lass of models there are some
known possible renormalizable extensions. The aim of this hapter is to investigate how the
phenomenology is modied in models with disretized, sometimes also alled lattiized, extra
dimensions; speially, we will study the lattiized version of UED, alled in the following
LUED.
4.1 The model
The Lagrangian is divided, as usual, in four piees
LLUED = LG + LF + LH + LY . (4.1)
The gauge piee, LG, is the one assoiated to the gauge group G = ΠN−1i=0 SU(2)i ×U(1)i and
it also ontains some salars elds whih will be neessary on the following, their role will be
laried later
LG =
N−1∑
i=0
−1
4
F aiµνF
µνa
i −
1
4
FiµνF
µν
i (4.2)
+
N−1∑
i=1
Tr{(DµΦi)†(DµΦi)}+ (Dµφi)†(Dµφi)− V (Φ, φ), (4.3)
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where F aiµν is the strength tensor assoiated with the gauge eld of the i-th SU(2)i and Fiµν is
the one for U(1)i. Φi and φi are the elementary salars that will aquire a VEV independent
of i due to the potential term V (Φ, φ). Eah of them beome eetively nonlinear σ model
elds that an be parametrized as usual in terms of the salar elds πi and π
a
i
φi =
v1√
2
eiπi/v1 Φi = v2e
iπai σ
a/2v2
(4.4)
v1 and v2 are the VEVs of φi and Φi respetively and σ
a
are the Pauli matries. In this work
we will onentrate in the so alled aliphati model [31℄ in whih the Φi elds are assumed
to transform as (2,2) under the groups SU(2)i and SU(2)i−1 and as singlets for the rest,
they arry no U(1)i harge. On the other hand, the φi elds are singlets under all the SU(2)
groups and they are harged only under U(1)i and U(1)(i−1) with hyperharges (Yi,−Yi−1),
later on, every Yi will be set to Yi = 1/3 [32℄. With this, the ovariant derivative reads
DµΦi = ∂µΦi − iWµ,iΦi + iΦiWµ,i−1 (4.5)
where Wµ,i = g˜W aµ iT ai , T ai are the generators of the SUi(2) and g˜ is the dimensionless gauge
oupling onstant that is assumed to be the same for all the SU(2) groups. The ovariant
derivative for φi an be onstruted similarly. The gauge oupling onstant for all the U(1)
groups will be alled g˜′.
The next piee is the fermioni one, LF , it ontains the following elds (generational indies
assumed)
Qi =
[
Qui
Qdi
]
Ui Di i = 0, . . . ,N − 1, (4.6)
where we have used a similar notation than in the ontinuous ase. Qi transforms as a doublet
under SU(2)i and as a singlet for the rest of SU(2) groups and among the U(1) elds it is
only harged under U(1)i with hyperharge YQ = 1/3. On the ontrary, Ui and Di are only
harged under U(1)i with hyperharges YU = 4/3 and YD = −2/3. They are all vetor elds
with right and left handed hiral omponents exept for i = 0. In this ase they are hiral
elds, Q is left-handed and U and D are right-handed, whih is equivalent to impose
Q0R = 0 U0L = 0 D0L = 0 (4.7)
With this we an split the fermioni piee in: LF = LQ + LU + LD, where
LQ =
N−1∑
i=0
[
QiLi /DQiL +QiRi /DQiR
]− N−1∑
i=0
MfQiL
(
Φ†i+1φ
†
i+1
v2(v1/
√
2)
Qi+1R −QiR
)
+ h..
(4.8)
and
LU =
N−1∑
i=0
[
U iRi /DUiR + U iLi /DUiL
]
+
N−1∑
i=0
MfU iR
(
φ4†i+1
(v1/
√
2)4
Ui+1L − UiL
)
+ h.. (4.9)
LD an be extrated from LU making the next substitutions, U → D, φi → φ†i and the
exponent should be replaed 4 → 2. In the previous formulae /D is the usual ovariant
derivative assoiated with the gauge group G and Mf is a generi mass that in priniple ould
depend on i but for simpliity it is set independent of i. The exponent of the φ elds must
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be adjusted in eah ase beause the terms must be invariant under G by onstrution. In
addition, when the index of a eld runs out of bounds it is understood as a zero, for instane
in Eq. (4.8) it must be set QNR = 0, and so on.
The next piee in the Lagrangian, LH , is the one assoiated with the Higgs doublet [32℄
LH =
N−1∑
i=0
(DµHi)
†(DµHi)−M20
∣∣∣∣Hi+1 − ( Φi+1φ3i+1(v1/√2)3v2
)
Hi
∣∣∣∣2 − V (Hi), (4.10)
where Hi is a doublet under SU(2)i and singlet for SU(2)j 6=i with hyperharges Yi = 1 and
Yj 6=i = 0. We parametrize its omponents as
Hi =
[
Φ+i
Φ0i
]
i = 0, 1, . . . ,N − 1. (4.11)
As a potential it is hosen
V (Hi) = −m2H†iHi +
λ˜
2
(H†iHi)
2
(4.12)
Finally the Yukawa setor, LY , will be taken with the Yukawa matries independent of i
LY =
N−1∑
i=0
QiY˜uH
c
iUi +
N−1∑
i=0
QiY˜dHiDi + h.. (4.13)
where Hci ≡ iτ2H∗i is the usual Higgs doublet onjugate.
4.1.1 Relation with ontinuous extra dimensions
The elds and ouplings proposed in the above lines are set to desribe a situation in whih
the full SM is ontained in a ve dimensional spae-time with four spaial dimensions but with
the extra fth dimension lattiized. In LUED the length of the new dimension, L, is taken
to be nite and a new variable R is dened through the relation L = πR, this will simplify
the omparison of the results with the ontinuous situation. The extra volume is lled with
4D surfaes equally spaed by a distane a, the rst one situated in x5 = 0, see Fig. 4.1.
Therefore, these magnitudes fulll the trivial relation
a =
πR
N − 1 . (4.14)
In this piture every eld that propagates in the fth dimension will be represented by the N
values that it takes in the dierent surfaes, i.e. ψi(x
µ) = ψ(xµ, x5 = ia). This is the reason
why we have N opies for eah of the SM elds.
But the Φ and φ elds were not previously present in SM. They are related with the
omponent of the ve dimensional gauge elds polarized in the diretion of the extra dimension,
generially denoted by W5. In the ontinuous theory these omponents are neessary in order
to dene a onsistent ovariant derivative. In our ase the relation between these elds is [31℄
Φi(x
µ) = exp
[
ig˜
∫ ia
(i−1)a
dx5 W5(xµ, x5)
]
, i = 1, . . . ,N − 1. (4.15)
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Figure 4.1: Shemati representation of the disretization in the extra dimensions.
In other words the Φ elds are Wilson lines onneting two adjaent surfaes, that is the
reason why there are only N − 1 opies of them, instead of the N that have the rest of the
elds. Eq. (4.15) enables us to reinterpret the interation terms between the dierent elds
present in the Lagrangian with the Φ's as a lattie approximation of their ovariant derivatives
provided that the general masses obey Mf =M0 = 1/a.
We have exploited this piture when writing the interation terms of the fermions. Note
the relative sign between the Q doublets and the U and D singlets, ompare Eq. (4.8) with
Eq. (4.9). Written in this form it will be easier to extrat the spetrum of the theory and both
possibilities are equally legitimate sine they are lattie approximations, to the same order, of
the fth ovariant derivative.
When studying ontinuous extra dimensions sometimes some of the elds are not allowed
to propagate through the extra volume, there are many variations in the literature, but in
partiular we will study in hapter 6 the ase when only fermion elds do not propagate in the
extra dimension, LHG. The Lagrangian for this ase an be obtained by setting in the above
desribed one, ψiR = ψiL = 0 for i 6= 0, where ψ stands for any fermion eld.
As a last remark, the assumption that the oupling onstants are independent of the
position translates in the lattiized senario as an independene on the index i of eah group,
i.e. g˜i = g˜(x
5 = ia) = g˜.
4.1.2 The spetrum of the model
Before extrating the bilinear terms from L it is interesting to study whih elds an be
removed from the spetrum by exploiting the gauge freedom. Under a generi transformation
of G the Φi transforms as
Φi = UiΦiU
†
i−1 Ui ∈ SU(2)i. (4.16)
Sine the vauum onguration is by onstrution Φi = v21, it is lear that only the gauge
transformation dened by U0 = U1 = . . . = UN−1 leaves invariant the vauum, i.e. the
diagonal group SU(2)D remains unbroken after the SSB, analogously for φi. Therefore
G→ SU(2)D × U(1)D. This proedure removes the π elds from the spetrum and leaves
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massless only one ombination of the gauge bosons. This amounts to work in the unitary
gauge and it is indeed the approah followed in Ref. [31, 32℄, where SU(2)D × U(1)D is iden-
tied with the SM eletroweak gauge group whih is further broken by the usual SM Higgs
VEV. We will not follow those steps and instead we will work in an arbitrary Rξ-ovariant
gauge, in the same line as it was done in Ref. [33℄, therefore maintaining expliitly the π elds.
Extrating the bilinear terms is lengthy and umbersome, but straightforward otherwise.
From LG it an be obtained
L(2)G =
N−1∑
i=0
−1
4
F˜i · F˜i +M2i W˜ aµiW˜ µai +
N−1∑
i=1
1
2
∂µW˜
a
5i∂
µW˜ a5i +Mi∂
µW˜ a5iW˜
a
µi. (4.17)
Here we only show the SU(2) piee but the U(1) one is similar. The new tilde elds are related
with the initial ones by the next hange of base
W aµi ≡
N−1∑
i=0
aijW˜
a
µj π
a
i ≡
N−1∑
i=1
bijW˜
a
5j (4.18)
where the a and b matries are
aij =
{
j = 0
√
1/N
j 6= 0
√
2/N cos
(
2i+1
2
jπ
N
)
(4.19)
and
bij =
√
2
N
sin
(
ij
π
N
)
(4.20)
F˜ is understood to be the usual kineti term for gauge bosons expressed now in terms of W˜ aµi.
Finally, the masses Mi are
Mi = 2g˜v2 sin
(
iπ
2N
)
= 2
N − 1
πR
sin
(
iπ
2N
)
, (4.21)
where we have hosen as usual g˜v2 = 1/a to guarantee that the large N limit reprodues the
ontinuous senario
1
[31℄. The massless vetor bosons W˜ aµ0 and B˜µ0 are assoiated to the SM
model gauge bosons. They are the gauge vetor bosons of the unbroken diagonal group and
onsequently this last is identied with the SM gauge group.
On the other hand, the bilinear terms for the fermions are
L(2)Q + L(2)U = Q˜0Li/∂Q˜0L + U˜0Ri/∂U˜0R +
N−1∑
i=1
Q˜i(i/∂ −Mi)Q˜i + U˜ i(i/∂ +Mi)U˜i, (4.22)
where the vetor like elds are dened as Q˜i = Q˜iR+ Q˜iL and similarly for U˜i. The tilde elds
are given by
QiL = aijQ˜jL UiR = aijU˜jR
QiR = bijQ˜jR UiL = bijU˜jL
(4.23)
1
Eq. (4.21) ould also have been written in the form Mi = 2N/πR sin(iπ/2N), as it is done in Ref. [31℄; the
large N limit is the same. This will not be a problem beause the bounds that we will obtain are ompletely
independent of whih of the two denitions is taken.
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the mass Mi appearing in Eq. (4.22) is the one dened in Eq. (4.21) provided Mf = 1/a. This
will be advantageous when studying the Yukawa terms. The relative sign in the mass terms
is a ommon feature after dimensional redution in theories with universal (ontinuous) extra
dimensions, where it is due to the denition of the fth gamma matrix, Γ4 = iγ5 [10℄. Here it
has been expliitly introdued in Eq. (4.8) and Eq. (4.9), preisely to reprodue this feature.
Finally, in the Higgs setor one must perform the hange of basis Hi = aijH˜j and the
masses are now
M2(H˜i) = 4
(N − 1)2
π2R2
sin2
(
iπ
2N
)
−m2 (4.24)
This equation shows that H˜0 will break spontaneously symmetry, hene it is identied with the
SM Higgs doublet, i.e. 〈H˜0〉0 = v/
√
2 with v = 246 GeV. This means that new ontributions
to the masses ame from the Yukawa piee LY and the ovariant derivative of H. The Yukawa
piee in terms of the tilde elds an be written as
LY =
N−1∑
i=0
Q˜i
Y˜u√
N
H˜c0U˜i + Q˜i
Y˜d√
N
H˜0D˜i + h.. (4.25)
where we have onentrated on the terms ontaining the Higgs doublet. It has been used
Eq. (4.23). From the rst term in the sum of Eq. (4.25) is easy to onvine oneself that
Yu ≡ Y˜u/
√
N is the SM Yukawa matrix. When the Higgs doublet aquires a VEV one must
diagonalize Yu using the same eld redenitions as in SM, Q˜ui → U †uQ˜ui, U˜i → V †u U˜i. At the
end the mass matrix for fermions will be
2
(
U˜ if Q˜if
)( −Mi mf
mf Mi
)(
U˜if
Q˜if
)
(4.26)
where f is the index of the generation, in this ase f = u, c, t. This mass matrix is exatly the
same obtained in the ontinuous senario with one extra dimension by making the substitution
mn → Mn [10℄, where mn = n/R is the mass of the n-th Kaluza-Klein mode of the eld in
the absene of Yukawa ouplings. As a onsequene the mixing between the Q˜ and U˜ is the
same as in that senario as well as the masses M(Q′if ) =
√
M2i +m
2
f , prime denotes mass
eigenelds, for later referene mQ =M(Q
′
if )(
U˜if
Q˜if
)
=
( −γ5 cosαif sinαif
γ5 sinαif cosαif
)(
U ′if
Q′if
)
(4.27)
where tan(2αif ) = mf/Mi. As in the ontinuous situation we are speially interested in the
ase f = t.
Notie that the zero-th modes have exatly the same masses as in SM, all of them oming
purely from the Yukawa piee in Eq. (4.25) whih, as said, for the zero-th modes oinides
exatly with the SM Yukawa setor. In fat, the same happens for the rest of the piees in
the Lagrangian and one an safely identify the zero-th tilde elds, Q˜0L, U˜0R and D˜0R, with
the SM elds.
We will not show it expliitly but the SSB of the Higgs doublet will ause the usual mixing
between W 3µi and Bµi with θw as the weak mixing angle [32℄, instead we will onentrate on
2
We do not study expliitly the term ontaining Yd beause it does not ontain the mass of the top-quark,
mt, but its treatment would be ompletely similar.
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the mixing of the harged bosons. Coming from LH and due to the VEV of H˜0 the next terms
arise
L(2)
H˜0
= iMW W˜
−
µi∂
µΦ˜+i +M
2
W W˜
−
µiW˜
µ+
i −M2W W˜−5iW˜+5i + iMWMiW˜−5i Φ˜+i + h.. (4.28)
In addition, due to the quarti ouplings in Eq. (4.12) the masses for H˜i are shifted from
Eq. (4.24) to Eq. (4.21). This implies, jointly with Eq. (4.17), that there is a ombination
of elds, Φ±Gi, that at as a Goldstone eld absorbed by W˜
±
µi whih aquires in the proess
a mass M(W˜±µi) =
√
M2W +M
2
i . The orthogonal ombination is a physial salar, Φ
±
Pi, with
the same mass.
Φ+Gi =
MiW˜
+
5i + iMW Φ˜
+
i√
M2i +M
2
W
MW→0−→ W˜+5i (4.29)
Φ+Pi =
iMW W˜
+
5i +MiΦ˜
+
i√
M2i +M
2
W
MW→0−→ Φ˜+i (4.30)
In the limit in whih all the mass sales below mt are negleted, the Goldstone bosons and the
physial salars an be diretly identied with W˜±5i and Φ˜
±
i respetively. There will be terms
that ross the massive vetor bosons W˜±µi with the derivatives of their Goldstone bosons, Φ
±
Gi;
these an be removed using a onvenient Rξ gauge as done in [27, 34℄.
With this, we have onluded the demonstration that, at least for the degrees of freedom
we will be interested in, the spetrum of this model is equivalent to one ontinuous universal
extra dimension with mn replaed by Mn.
4.1.3 Couplings
Our aim will be to extrat the dominant orretions to some preision observables and from
them to extrat bounds on the new physis. We will onentrate on the orretions propor-
tional to the top-quark mass mt, thus as a approximation we will identify Φ
±
Pi = Φ˜
±
i and
Φ±Gi = W˜
±
5i , whih is equivalent to neglet MW . This will simplify greatly the alulus. In the
next lines we will extrat the relevant ouplings under the previous approximations.
For omputing the ontributions to the ρ parameter we will work with the base of elds
{Q˜i, U˜i} instead of the mass eigenelds {Q′i, U ′i} beause in the former the ouplings with
W˜
1/3
µ0 , the only ones needed, are rather simple
Lρ = g
2
N−1∑
i=1
W˜ 1µ0
[
Q˜itγ
µQ˜ib + Q˜ibγ
µQ˜it
]
+ W˜ 3µ0
[
Q˜itγ
µQ˜it
]
, (4.31)
where we have already used the relation g = g˜/
√
N [32℄. So the ouplings in this base are the
same as in SM but with the dierene that the propagators of the tilde elds arefQti fQti fUi

f
U
i
f
Q
ti

f
U
i
 =
 i /p+Mip2−m2Q i mtp2−m2Q
i mt
p2−m2Q
i
/p−Mi
p2−m2Q

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From the Yukawa piee, the ouplings proportional to mt are
LY =
N−1∑
i=1
mt
√
2
v
VtbU˜ tiRΦ
+
i bL + h.. (4.32)
The ouplings with the Z will be required, these an be obtained from
LZ = g
2cw
Zµ[J
µ
SM + J
µ
F + J
µ
Φ] (4.33)
where JµSM is the usual SM urrent and
JµF =
N−1∑
i=1
(
1− 4
3
s2w
)
Q˜tiγ
µQ˜ti − 4
3
s2wU˜ itγ
µU˜it (4.34)
JµΦ =
N−1∑
i=1
(−1 + 2s2w)Φ˜+i i∂µΦ˜−i + h.. (4.35)
The ouplings with the photon an be derived similarly.
4.2 Phenomenology
In this setion we establish whih is the minimum value for the energy sale of the new physis
allowed by experiments. We set bounds on the rst mode, M1, as dened in Eq. (4.21) and
alled simply M in the following. To this end, we ompute the impat of the new physis on a
set of standard eletroweak observables. In partiular, we fous on those whih in SM display
large radiative orretions due to their strong dependene on the top-quark mass: the deay
rates b→ s γ and Z → bb, the ρ parameter and the rates of B0 ⇋ B0. We expet that they
will be also very sensitive to the top mass sine the struture of these kind models is basially
the same of the SM repliated.
4.2.1 Radiative orretions to the Z → bb deay
The theory developed in Se. 3.2.1 an be straightforwardly used here, in partiular the new
physis is also parametrized through the modiations to gL. Now these ome from the same
set of diagrams displayed in Fig. 3.3, where the tilde elds are now the elds that run inside
the loop. The dierent ontributions are parametrized in exatly the same way they were in
the ontinuous senario, we reprodue them here for ommodity of the reader.
iMi = i g
cw
√
2GFm
2
t
(4π)2
f(ri)u
′γµPLuǫµ (4.36)
Setion 4.2. Phenomenology 41
where u and u′ are the spinors of the b quarks and ǫµ stands for the polarization vetor of the
Z boson. The argument of the funtion f is now ri = m
2
t/M
2
i .
f (a)(ri) =
(
1− 4
3
s2w
)[
ri − log(1 + ri)
ri
]
(4.37)
f (b)(ri) =
(
−2
3
s2w
)[
δi − 1 + 2ri + r
2
i − 2(1 + r2i ) log(1 + ri)
2r2i
]
(4.38)
f (c)(ri) =
(
−1
2
+ s2w
)[
δi +
2ri + 3r
2
i − 2(1 + ri)2 log(1 + ri)
2r2i
]
(4.39)
f (d)(ri) + f
(e)(ri) =
(
1
2
− 1
3
s2w
)[
δi +
2ri + 3r
2
i − 2(1 + ri)2 log(1 + ri)
2r2i
]
(4.40)
where δi ≡ 2/ǫ− γ + log(4π) + log(µ2/M2i ), and µ is the 't Hooft mass sale. From the above
equations it is straightforward to verify that all the terms proportional to δi anel, and so
do all terms proportional to s2w. Thus, nally, the only term whih survives is the term in
f (a)(ri) not proportional to s
2
w, yielding the following ontribution
δgLi =
√
2GFm
2
t
(4π)2
[
ri − log(1 + ri)
ri
]
(4.41)
The gaugeless limit leads exatly to the same onlusions as it is done in Ref. [35℄ to derive es-
sentially the same alulation in UED. Notie also here the absene of logarithms in Eq. (4.41)
when ri → 0. The full ontribution δgNPL =
∑N−1
i=1 δgLi expressed in terms of F (a) an be
written in the form
FLUED(a) =
∫ 1
0
dx
N−1∑
i=1
a2x
4(N − 1)2 sin2(iπ/2N) + a2x (4.42)
This funtion aptures the orretion proportional to m2t , the full one loop result ould be
adapted from Ref. [29℄ by replaing mn →Mi as explained above. We have shown in Se. 3.2.1
that F (a)− 1 < 0.39 at 95%C.L., from whih the results displayed in Fig. 4.2 follow.
4.2.2 Radiative orretions to b→ sγ
Given the similitude with the ontinuous ase we will not develop all the theory again, instead
we will fous on the omputation of the ontribution to the i-th mode to the C7 oeient,
C7 i(MW ). Again, it omes from the diagrams of Fig. 3.4, when the tilde elds are the ones
that run inside the loop and amounts to
C7 i =
m2t
m2t +M
2
i
[
B
(
m2t +M
2
i
M2i
)
− 1
6
A
(
m2t +M
2
i
M2i
)]
(4.43)
where A(x) and B(x) are dened in Eq. (3.59) and Eq. (3.64) respetively. Of ourse, an
expansion of C7 i is free of logarithms that relate the two dierent mass sales Mi and mt,
due to the same reasons as in the ontinuous senario. The total result reads
CLUED7 (MW ) = C
SM
7 (MW ) +
N−1∑
i=1
C7 i(MW ), (4.44)
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Figure 4.2: The bounds on the mass of the rst KK mode, M , as a funtion of the number of sites N .
where we have negleted the running between mt and MW , i.e. C7 i(mt) ≈ C7 i(MW ). To
take into aount the QCD running from MW to mb Eq. (3.60) is used. Again C2 takes the
same value as in SM model C2(MW ) = 1 and the ontribution of C8(MW ) is negleted. The
modiations to b → clν are also negligible beause LUED orrets it again at the one loop
level.
Using the result derived in Ref. [19℄∣∣∣∣ |Ctotal7 (mb)|2|CSM7 (mb)|2 − 1
∣∣∣∣ < 0.36 95% CL. (4.45)
With this the results an be extrated, and they are shown in Fig. 4.2.
4.2.3 Radiative orretions to the ρ parameter
For this observable the same steps as in the ontinuous ases must be done, this leads to
∆ρi =
4
g2v2
[Σ1 i(0)− Σ3 i(0)] = 2Nc
√
2GFm
2
t
(4π)2
[
1− 2
ri
+
2
r2i
log(1 + ri)
]
, (4.46)
where ri = m
2
t /M
2
i and the orrespondent diagrams are displayed in Fig. 3.5. The total
ontribution would be found summing ∆ρLUED = ∆ρSM +
∑N−1
i=1 ∆ρi. Now, for eah value
of the number of sites N we an extrat the orrespondent bounds, these are displayed in
Fig. 4.2.
4.2.4 Radiative orretions to the B0 − B0 system
The new physis modies the value of S(xt) dened in Eq. (3.84) and again we parametrize
this modiation through the funtion G(a). The diagrams are the ones in Fig. 3.6 when the
tilde elds run inside the loop and the result is
GLUED(a) =
SNP
SSM
= 1 + 2
∫ 1
0
N−1∑
n=1
a2x(1− x) dx
4(N − 1)2 sin2(nπ/2N) + a2x (4.47)
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The last experimental determinations [27℄ agree with the SM expetations
1.3 ≤ S(xt) ≤ 3.8 95% CL. (4.48)
The possible positive ontributions have been lowered with respet to previous determinations
[28℄ allowing better bounds. Despite the enhanement on the upper bound in Eq. (4.48) the
bound on M is still rather weak. At the end, the bounds one an set on the masses of the new
modes are below the W mass, and are therefore irrelevant ompared to previously disussed
bounds. Given the future experimental improvements on the determinations of sin 2β by
BaBar and BELLE and in partiular of the mass splitting ∆Ms for the B setor in LHC and
FNAL one may use this observable to predit possible deviations from the SM preditions. It
turns out that to an exellent auray [29℄ the mentioned deviations in the ase of ∆Ms are
governed by G(a)
GNP(a) =
(∆Ms)NP
(∆Ms)SM
> 1 (4.49)
The greater values of G(a) our for small N but they are at most G(a) ≤ 1.14 that happens
to be a too small deviation to be disriminated experimentally, in fat it is of the same order
as the deviation studied in Ref. [29℄ and therefore the same reasonings given there apply here.
The virtue of this results is that the possible existene of extra lattiized dimensions will not
pollute the extration of the CKM matrix parameters from the future improvements in the
determination of the unitarity triangle.
4.3 Outlook and onlusions
We have studied a ve-dimensional extension of the SM in whih the extra spatial dimension
is lattiized, and all SM elds propagate in it. The model has the property that there are no
tree-level eets below the threshold of prodution of new partiles. Therefore, to set a lower
bound on the sale of the new physis one should onsider one-loop proesses. We onsidered
a number of well-measured observables, and whih depend strongly on the top-quark mass:
the ρ parameter, b → sγ, Z → bb, and the B0 ⇋ B0 mixing. The dominant orretions,
i.e. those proportional to the top-quark mass, have been omputed, and ompared with the
ones obtained when only the SM is onsidered. It is found that the known bounds for the
ontinuous version (UED) are rapidly reahed when the extra dimension is lattiized by only
about 10 to 20 (four dimensional) sites. However, when a smaller number of sites is onsidered,
the bounds on the sale of new physis is lowered by roughly a fator of 10%25%, as an be
seen in Fig. 4.2. This suggests that the phenomenology of lattiized senarios an be more
aessible than in the ontinuous ases. Then, the limits on new partiles are about 320
380 GeV. The bounds shown in Fig. 4.2 orrespond to the mass of the lightest modes, dened
in Eq. (4.21).
44 Chapter 4. SM with one lattiized universal extra dimension
Chapter 5
Power orretions in models with
extra dimensions
We revisit the issue of power-law running in models with extra dimensions[36℄. The analysis is
arried out in the ontext of a higher-dimensional extension of QED, with the extra dimensions
ompatied on a torus. It is shown that a naive β funtion, whih simply ounts the number of
modes, depends ruially on the way the thresholds of the Kaluza-Klein modes are rossed. To
solve these ambiguities we turn to the vauum polarization, whih, due to its speial unitarity
properties, guarantees the physial deoupling of the heavy modes. This latter quantity,
alulated in the ontext of dimensional regularization, is used for onneting the low energy
gauge oupling with the oupling of the D-dimensional eetive eld theory. We nd that the
resulting relation ontains only logarithms of the relevant sales, and no power orretions. If,
instead, hard utos are used to regularize the theory, one nds power orretions, whih ould
be interpreted as an additional mathing between the eetive higher-dimensional model and
some unknown, more omplete theory. The possibility of estimating this mathing is examined
in the ontext of a toy model. The general onlusion is that, in the absene of any additional
physial priniple, the power orretions depend strongly on the details of the underlying
theory. Possible onsequenes of this analysis for gauge oupling uniation in theories with
extra dimensions are briey disussed.
5.1 Introdution
The study of models with extra dimensions has reeived a great deal of attention reently [37,
38, 39, 40℄, mainly beause of the plethora of theoretial and phenomenologial ideas assoiated
with them, and the exibility they oer for realizing new, previously impossible, eld-theoreti
onstrutions. One of the most harateristi features of suh models is that of the early
uniation: the running of gauge ouplings is supposed to be modied so strongly by the
presene of the tower of KK modes, that instead of logarithmi it beomes linear, quadrati,
et, depending on the number of extra dimensions [41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51,
52, 53, 54, 55, 56, 57℄. Speially, it has been widely argued that the gauge ouplings run as
µδ, where the δ is the number of ompat extra dimensions. Thus, if the extra dimensions are
suiently large, suh a behavior of the ouplings ould allow for their uniation at aessible
energies, of the order of a few TeV, learly an exiting possibility.
The assertion that gauge-ouplings display power-law running is based on rather intuitive
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arguments: In MS shemes the QED β funtion is proportional to the number of ative
avors, namely the number of partiles lighter than the renormalization sale. Using this
argument, and just ounting the number of modes lighter than µ, one easily nds that the
β funtion of QED in models with extra dimensions grows as µδ. This behavior is also
justied by expliit alulations of the vauum polarization of the photon using hard utos;
sine the uto annot be removed, due to the non-renormalizability of the theory, it is nally
identied with the renormalization sale, a proedure whih eventually leads to a similar
onlusion [42, 43℄ (but with the nal oeient adjusted by hand in order to math the naive
expetation in MS).
Even though these arguments are plausible, the importane of their onsequenes requires
that they should be srutinized more arefully [58℄. In partiular, the argument based on MS
running is rather triky. As it is well known, the MS sheme, beause of its mass indepen-
dene, does not satisfy deoupling, already at the level of four-dimensional theories. Instead,
deoupling has to be imposed by hand every time a threshold is passed: one builds an ee-
tive theory below the threshold, m, and mathes it to the theory above the threshold. This
mathing is arried out by requiring that some physial amplitude or Green's funtion (i.e.
the eetive harge) is the same when alulated using either theory, at energies where both
theories are reliable, namely at Q2 muh below the threshold. Then, sine the renormalization
sale, µ, is still a free parameter, one hooses µ around m, in order to avoid large logarithms in
the mathing equations. In the ase of gauge ouplings and MS shemes with Tr {IDirac} = 4
one nds (at one loop) that gauge ouplings are ontinuous at µ = m. This statement is,
however, extremely sheme dependent: just by hoosing Tr {IDirac} = 2D/2 it gets ompletely
modied (see for instane [59℄) . In addition to these standard ambiguities, a new ompli-
ation arises in the ontext of higher-dimensional models. In partiular, the aforementioned
proedure requires that the dierent sales be widely separated in order to avoid that higher
dimension operators, generated in the proess of mathing, beome important. However, the
ondition of having well-separated thresholds is rather marginally satised in the ase of an
innite tower of KK modes with Mn = nMc (Mc is the ompatiation sale). In fat, as we
will see in detail later, the results obtained for a β funtion that just ounts the number of a-
tive modes depend very strongly on the presription hosen for the way the various thresholds
are rossed.
As has been hinted above, the deeper reason behind these additional type of ambiguities
is the fat that, gauge theories in more than 4 dimensions, ompatied or not, are not
renormalizable. At the level of the 4-dimensional theory with an innite number of KK modes
the non-renormalizability manifests itself by the appearane of extra divergenes, enountered
when summing over all the modes. If the theory is not ompatied the non-renormalizability
is even more evident, sine gauge ouplings in theories with δ extra dimensions have dimension
1/M δ/2. Therefore, gauge theories in extra dimensions should be treated as eetive eld
theories (EFT). Working with suh theories presents several diulties, but, as we have learned
in reent years, they an also be very useful. In the ase of quantum eld theories in extra
dimensions, there is no alternative: basi questions, suh as the alulation of observables or
the uniation of ouplings, an only be addressed in the framework of the EFT's. However,
before attempting to answer spei questions related to the running of ouplings in the extra-
dimensional theories, one should rst larify the type of EFT one is going to use, sine there
are, at least, two types of EFT [60℄: In one type, known as Wilsonian EFT (WEFT) [61℄,
one keeps only momenta below some sale Λ, while all the eets of higher momenta or heavy
partiles are enoded in the ouplings of the eetive theory. This method is very intuitive
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and leads, by denition, to nite results at eah step; however, the presene of the uto in all
expressions makes the method umbersome to use, and in the partiular ase of gauge theories
diult to reonile with gauge-invariane. The WEFT approah has already been applied
to the problem of running of ouplings in theories with ompat extra dimensions, but only
for the ase of salar theories [57℄. Within the ontext of another type of EFT, often termed
ontinuum eetive eld theories (CEFT) (see for instane [62, 63, 64, 60, 65, 66, 67℄), one
allows the momenta of partiles to vary up to innity, but heavy partiles are removed from the
spetrum at low energies. As in the WEFT ase the eets of heavier partiles are absorbed
into the oeients of higher dimension operators. Sine the momenta are allowed to be
innite, divergenes appear, and therefore the CEFT need to undergo both: regularization
and renormalization. In hoosing the spei sheme for arrying out the above proedures
partiular are is needed. Whereas in priniple one ould use any sheme, experiene has
shown that the most natural sheme for studying the CEFT is dimensional regularization
with minimal subtration [62, 63, 64, 60, 65, 66, 67℄. CEFT are widely used in Physis: for
example, when in the ontext of QCD one talks about 3, 4 or 5 ative avors, one is impliitly
using this latter type of eetive theories [68, 63℄. Moreover, most of the analyses of Grand
Uniation [69, 64℄ resort to CEFT-type of onstrutions: one has a full theory at the GUT
sale, then an eetive eld theory below the GUT sale (SM or MSSM) is built, and then
yet another eetive eld theory below the Fermi sale (just QED+QCD). In these ases
the omplete theory is known, and the CEFT language is used only in order to simplify the
alulations at low energies and to ontrol the large logarithms whih appear when there are
widely separated sales. Nevertheless, CEFT's are useful even when the omplete theory is
not known, or when the onnetion with the omplete theory annot be worked out; this is
the ase of Chiral Perturbation theory (χPT ) [70, 71, 72, 73℄ (for more reent reviews see also
[65, 74, 75℄).
It is important to maintain a sharp distintion between the two types of EFT mentioned
above, i.e. Wilsonian or ontinuum, beause oneptually they are quite dierent. However,
perhaps due to the fat that the language is in part ommon to both types of theories, it
seems that they are often used interhangeably in the literature, espeially when employing
utos within the CEFT framework. In partiular, sine the ouplings αi have dimensions
[αi] = M
−n
, when omputing loops one generally obtains eets whih grow as (Λnαi)
m
,
where Λ is the formal CEFT uto, and as suh is void of physis. As a onsequene, physial
observables should be made as independent of these utos as possible by introduing as many
ounterterms as needed to renormalize the answer. Not performing these renormalizations
orretly, or identifying naively formal utos with the physial utos of the eetive theory,
an lead to ompletely non-sensible results (see for instane [76, 77℄). This type of pitfalls
may be avoided by simply using dimensional regularization, sine the latter has the speial
property of not mixing operators with dierent dimensionalities.
The usual way to treat theories with ompatied extra dimensions is to dene them as
a 4-dimensional theory with a trunated tower of KK modes at some large but otherwise
arbitrary Ns, a proedure whih eetively amounts to using a hard uto in the momenta
of the extra dimensions. Thus, physial quantities alulated in this sheme depend expliitly
on the uto Ns, whih is subsequently identied with some physial uto. However, as
already ommented, Ns plays the role of a formal uto, and is therefore plagued with all
the aforementioned ambiguities. Identiation of this formal uto with a universal physial
uto an give the illusion of preditability, making us forget that we are dealing with a non-
renormalizable theory with innite number of parameters, whih an be preditive only at low
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energies, where higher dimension operators may be negleted.
In this paper we want to analyze the question of the running of gauge ouplings in theories
with ompat dimensions from the CEFT anonial point of view. We hasten to emphasize
that even the CEFT presents oneptual problems in theories with ompatied dimensions.
Speially, as mentioned above, in the CEFT approah the (virtual) momenta are allowed
to vary up to innity; however, momenta related to the ompatied extra dimensions turn
out to be KK masses in the 4-dimensional ompatied theory, where it is supposed that one
only keeps partiles lighter than the relevant sale. Thus, trunating the KK series amounts
to utting o the momenta of the ompatied dimensions. Therefore, in order to dene a
true non-uto CEFT sheme we are fored to keep all KK modes. Our main motivation is
to seriously explore this approah, and investigate both its virtues and its limitations for the
problem at hand. We hope that this study will help us identify more learly whih quantities
an and whih annot be omputed in eetive extra-dimensional theories.
In setion 5.2 we disuss the usual arguments in favor of power-law running of gauge
ouplings and show that they depend ruially on the way KK thresholds are rossed. In
partiular we show that, a one-loop β funtion whih simply ounts the number of modes,
diverges for more than 5 dimensions, if the physial way of passing thresholds ditated by the
vauum polarization funtion (VPF) is imposed.
In setion 5.3 we introdue a theory with one fermion and one photon in 4+δ dimensions,
with the extra δ ones ompatied. This theory, whih is essentially QED in 4+δ dimensions,
serves as toy model for studying the issue of power orretions and the running of the oupling
in a denite framework.
In setion 5.4 we study the question of deoupling KK modes in the aforementioned theory
by analyzing the behavior of the VPF of the (zero-mode) photon. Sine, as ommented above,
deoupling the KK modes one by one is problemati, we study the question of how to deouple
all of them at one. To aomplish this we onsider the VPF of the photon with all KK
modes inluded, and study how it redues at Q2 ≪ Mc to the standard QED VPF with
only one light mode. Sine the entire KK tower is kept untrunated, the theory is of ourse
non-renormalizable; therefore, to ompute the VPF we have to regularize and renormalize
it in the spirit of the CEFT, in a similar way that observables are dened in χPT . As in
χPT , it is most onvenient to use dimensional regularization with minimal subtration, in
order to maintain a better ontrol on the mixing among dierent operators. However, at
the level of the 4-dimensional theory the non-renormalizability manifest itself through the
appearane of divergent sums over the innite KK modes, and dimensional regularization
does no seem to help in regularizing them. The dimensional regularization of the VPF is
eventually aomplished by exploiting the fat that its UV behavior oinides to that found
when the δ extra dimensions have not been ompatied1. To explore this point we rst resort
to the standard unitarity relation (optial theorem), whih relates the imaginary part of the
VPF to the total ross setion in the presene of the KK modes; the latter is nite beause the
phase-spae trunates the series. For Q2 ≫ M2c the unompatied result for the imaginary
part of the VPF is rapidly reahed, i.e. after passing a few thresholds. We then ompute
the real part of the one-loop VPF in the non-ompat theory in 4 + δ dimensions, where, of
ourse we an use diretly dimensional regularization to regularize it (sine no KK redution
1
This is in a way expeted, sine for very large Q2 ≫ Mc = 1/Rc the ompatiation eets should be
negligible. Note, however, that this is not always the ase; a known exeption is provided by the orbifold
ompatiation [58℄.
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has taken plae). For later use we also present results in whih the same quantity is evaluated
by using hard utos. Finally, we show that the UV divergenes of the one-loop VPF are
indeed the same in both the (torus)-ompatied and unompatied theories. Therefore, in
order to regularize the VPF in the ompatied theory with an innite number of KK modes
it is suient to split the VPF into two piees, an unompatied piee, orresponding to
the ase where the extra dimensions are treated at the same footing as the four usual ones,
and a piee whih ontains all ompatiation eets. We show that this latter piee is UV
and IR nite and proeed to evaluate it, while all UV divergenes remain in the former, whih
we evaluate using dimensional regularization.
The results of previous setions are used in setion 5.5 to dene an eetive harge αeff(Q)
whih an be ontinuously extrapolated from Q2 ≪ Mc to Q2 ≫ Mc. We use this eetive
harge to study the mathing of ouplings in the low energy eetive theory (QED) to the
ouplings of the theory ontaining an innite of KK modes. In the ontext of dimensional
regularization we nd that this mathing ontains only the standard logarithmi running
from mZ to the ompatiation sale Mc, with no power orretions. On the other hand, if
hard utos are used to regularize the VPF in the non-ompat spae, one does nd power
orretions, whih may be interpreted as an additional mathing between the eetive D =
4 + δ dimensional eld theory and some more omplete theory. We disuss the possibility of
estimating this mathing in the EFT without knowing the details of the full theory. This point
is studied in a simple extension of our original toy-model, by endowing the theory onsidered
(QED in 4+δ ompat dimensions) with an additional fermion with mass Mf ≫ Mc, whih
is eventually integrated out.
5.2 Crossing thresholds
The simplest argument (apart from the purely dimensional ones) in favor of power-law run-
ning in theories with extra dimensions is based on the fat that in MS-like shemes the β
funtion is proportional to the number of ative modes. Theories with δ extra ompat di-
mensions ontain, in general, a tower of KK modes. In partiular, if we embed QED in extra
dimensions we nd that eletrons (also photons) have a tower of KK modes with masses
M2n =
(
n21 + n
2
2 + · · · + n2δ
)
M2c with ni integer values and Mc = 1/Rc the ompatiation
sale. The exat multipliity of the spetrum depends on the details of the ompatiation
proedure (torus, orbifold, et). As soon as we ross the ompatiation sale, the KK modes
begin to ontribute, and therefore one expets that the β funtion of this theory will start
to reeive additional ontributions from them. In a general renormalization sheme satisfying
deoupling one an naively write
β =
∑
n
β0f
(
µ
Mn
)
, (5.1)
where µ is the renormalization sale, β0 is the ontribution of a single mode, and f(µ/M)
is a general step-funtion that deouples the modes as µ rosses the dierent thresholds,
namely f(µ/M) → 0 µ ≪ M and f(µ/M) → 1 µ ≫ M . For instane in MS shemes
f(µ/M) ≡ θ(µ/M − 1) where θ(x) is the step-funtion. Then one nds (Ωδ = 2πδ/2/Γ(δ/2))
β =
∑
n<µ/Mc
β0 ≈ β0
∫
dΩδn
δ−1dn = β0
Ωδ
δ
(
µ2
M2c
)δ/2
. (5.2)
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This argument, simple and ompelling as it may seem, annot be trusted ompletely beause
in MS shemes the deoupling is put in by hand. Therefore, other types of shemes, in whih
deoupling seems natural, have been studied in the literature. For instane, in Ref. [43℄ the
VPF of the photon at Q2 = 0 was alulated in the presene of the innite tower of KK modes
by using a hard uto in proper time, and the result was used to ompute the β funtion;
in that ase the modes deouple smoothly. In addition, after adjusting the uto by hand
one an reprodue the aforementioned result obtained in MS. One an easily see that this
proedure is equivalent to the use of the funtion f(Λ/M) ≡ e−
M2n
Λ2
to deouple the KK modes
β =
∑
n
β0e
−
M2n
Λ2 ≈ β0
(
π
Λ2
M2c
)δ/2
. (5.3)
If one hooses by hand µδ = Γ(1 + δ/2)Λδ , the sum in Eq. (5.3) agrees exatly with the sum
obtained if one uses a sharp step-funtion. Even though this partiular way of deoupling KK
modes appears naturally in some string senarios [78, 79, 80, 40℄, it hardly appears ompelling
from the eld theory point of view; this proedure is not any better oneptually than the
sharp step-funtion deoupling of modes: one obtains a smooth β funtion beause one uses
a smooth funtion to deouple the KK modes.
These two ways of deoupling KK modes, due to the very sharp step-like behavior they
impose, lead to a nite result in (5.1) for any number of extra dimensions. One is tempted to
ask, however, what would happen if one were to use a more physial way of passing thresholds.
In fat, heavy partiles deouple naturally and smoothly in the VPF, beause they annot be
produed physially. Speially, in QED in 4-dimensions at the one-loop level, the imaginary
part, ℑmΠ(q2), of the VPF Π(q2) is diretly related, via the optial theorem, to the tree level
ross setions σ for the physial proesses e+e− → f+f−, by
ℑmΠ(s) = s
e2
σ(e+e− → f+f−) . (5.4)
Given a partiular ontribution to the spetral funtion ℑmΠ(s), the orresponding ontri-
bution to the renormalized vauum polarization funtion ΠR(q
2) an be reonstruted via a
onesubtrated dispersion relation. For example, for the oneloop ontribution of the fermion
f , hoosing the onshell renormalization sheme, one nds (if q is the physial momentum
transfer with q2 < 0, as usual we dene Q2 ≡ −q2):
ΠR(Q) = Q
2
∫ ∞
4m2f
ds
1
s(s+Q2)
1
π
ℑmΠ(s)
=
α
π
×

1
15
Q2
m2f
+O
(
Q4
m4f
)
Q2/m2f → 0
1
3 ln
(
Q2
m2
f
)
− 59 +O
(
m2f
Q2
)
Q2/m2f →∞ ,
(5.5)
where α ≡ e2/(4π). The above properties an be extended to the QCD eetive harge
[81℄, with the appropriate modiations to take into aount the non-Abelian nature of the
theory, and provide a physial way for omputing the mathing equations between ouplings
in QCD at quark mass thresholds. One omputes the VPF of QCD with nf avors and that
of QCD with nf − 1 avors, and requires that the eetive harge is the same for Q2 ≪
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mf in the two theories. This proedure gives the orret relation between the ouplings
in the two theories [82, 59, 83℄. However, one an easily see that this annot work for
more than one extra dimension. To see that, let us onsider the deoupling funtion f(µ/M)
provided by the one-loop VPF, whih, as explained, aptures orretly the physial thresholds.
The orresponding f(µ/M) may be obtained by dierentiating ΠR(Q) one with respet to
Q2; it is known [84℄ that the answer an be well-approximated by a simpler funtion of the
form f(µ/M) = µ2/(µ2 + 5M2). We see immediately that if we insert this last funtion in
Eq. (5.1) and perform the sum over all KK modes the result is onvergent only for one extra
dimension (with a oeient whih is dierent from the one obtained with the renormalization
shemes mentioned earlier), while it beomes highly divergent for several extra dimensions.
We onlude therefore that the physial way of deoupling thresholds provided by the VPF
seems to lead to a divergent β funtion in more than one extra dimension. As we will see, this
is due to the fat that, in order to dene properly the one-loop VPF for δ > 1, more than one
subtration is needed.
5.3 A toy model
To be denite we will onsider a theory with one fermion and one photon in 4+ δ dimensions,
in whih the δ extra dimensions are ompatied on a torus of equal radii Rc ≡ 1/Mc. The
Lagrangian is given by
Lδ = −1
4
FαβFαβ + iψ¯γ
αDαψ + Lct , (5.6)
where α = 0, · · · , 3, · · · , 3 + δ. We will also use Greek letters to denote four-dimensional
indies µ = 0, · · · 3. Dα = ∂α− ieDAα is the ovariant derivative with eD the oupling in 4+δ
dimensions whih has dimension [eD] = 1/M
δ/2
. After ompatiation, the dimensionless
gauge oupling in four-dimensions, e4, and the dimensionfull 4+ δ oupling are related by the
ompatiation sale
2
e4 = eD
(
Mc
2π
)δ/2
. (5.7)
Evidently eD is determined from the four-dimensional gauge oupling and the ompatiation
sale, but in the unompatied spae we an regard it as a free parameter (as fπ in χPT ).
Finally Lct represents possible gauge invariant operators with dimension 2 + D or higher,
whih are in general needed for renormalizing the theory; they an be omputed only if a
more omplete theory, from whih our eetive theory originates, is given. For instane, by
omputing the VPF we will see that a Lct of the form
Lct = c1
M2s
DαF
αβDλFλβ + · · · (5.8)
is needed to make it nite.
The spetrum after ompatiation ontains a photon (the zero mode of the four-dimensional
omponents of the gauge boson), the δ extra omponents of the gauge boson remain in the
spetrum as δ massless real salars, a tower of massive vetor bosons with masses M2n =(
n21 + n
2
2 + · · ·+ n2δ
)
M2c , ni ∈ Z, ni 6= 0 , 2[δ/2] massless Dira fermions (here the symbol
[x] represents the losest integer to x smaller or equal than x), and a tower of massive Dira
2
Note that the fators 2π depend on the exat way the extra dimensions are ompatied (on a irle,
orbifold, et).
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fermions with masses given also by the above mass formula. Note that this theory does not
lead to normal QED at low energies, rst beause the δ extra omponents of the gauge boson
remain in the spetrum, and seond beause in 4 + δ dimensions the fermions have 4 · 2[δ/2]
omponents, whih remain as zero modes, leading at low energy to a theory with 2[δ/2] Dira
fermions. In the D = 4 + δ theory these will arise from the trae of the identity of the γ ma-
tries, whih just ounts the number of omponents of the spinors. To obtain QED as a low
energy one should projet out the orret degrees of freedom by using some more appropriate
ompatiation (for instane, orbifold ompatiations an remove the extra omponents
of the photon from the low energy spetrum, and leave just one Dira fermion). However
this is not important for our disussion of the VPF, we just have to remember to drop the
additional fators 2[δ/2] to make ontat with usual QED with only one fermion. Theories
of this type, with all partiles living in extra dimensions are alled theories with universal
extra dimensions [10℄ and have the harateristi that all the eets of the KK modes below
the ompatiation sale anel at tree level due to the onservation of the KK number. In
partiular, and ontrary to what happens in theories where gauge and salar elds live in the
bulk and fermions in the brane [15, 85℄, no divergenes assoiated to summations over KK
towers appear at tree level. Finally, the ouplings of the eletron KK modes to the standard
zero-mode photon are universal and ditated by gauge invariane. The ouplings among the
KK modes an be found elsewhere [5, 34℄; they will not be important for our disussion of the
VPF that we present here.
5.4 The vauum polarization in the presene of KK modes
In this setion we will study in detail the behavior of the one-loop VPF in the theory dened
above for general values of the number δ of extra dimensions. The main problems we want to
address are: i) the general divergene struture of the VPF, ii) demonstrate that it is possible
to regulate the UV divergenes using dimensional regularization, iii) the appearane of non-
logarithmi (power) orretions, and, iv) their omparison to the analogous terms obtained
when resorting to a hard-uto regularization.
5.4.1 The imaginary part of the vauum polarization
One an try to ompute diretly the VPF of the zero-mode photon in a theory with innite
KK fermioni modes. However, one immediately sees that, in addition to the logarithmi
divergenes that one nds in QED, new divergenes are enountered when summing over the
innite number of KK modes. One an understand the physial origin of these divergenes
more learly by resorting to the unitarity relation (here s denotes the enter-of-mass energy
available for the prodution proess):
ℑmΠ(δ)(s) = s
e24
∑
n
σ(e+e− → f+n f−n )
=
α4
3
∑
n<nth
(
1 +
2M2n
s
)√
1− 4M2n/s , (5.9)
where n < nth represents the sum over all the eletron KK modes that fulll the relation
4
(
n21 + n
2
2 + · · · n2δ
)
M2c < s, and α4 = e
2
4/(4π). This sum an be evaluated approximately for
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Figure 5.1: ℑmΠ(δ)(Q) as ompared with the asymptoti value (δ = 1, 2, 3). Q is given in units of Mc.
s≫M2c by replaing it by an integral; then we obtain
ℑmΠ(δ)(s) ≈ α4
23+δ
(δ + 2)π(δ+1)/2
Γ ((δ + 5)/2)
(
s
M2c
)δ/2
. (5.10)
It turns out that this last result aptures the behavior of the same quantity when the
extra dimensions are not ompat; this is so beause, at high energies, the eets of the
ompatiation an be negleted. In fat, this result may be dedued on simple dimensional
grounds: as ommented, the gauge oupling in 4 + δ dimensions has dimension 1/M δ/2;
therefore one expets that ℑmΠ(δ)(s) will grow with s as (s/M2)δ/2, whih is what we obtained
from the expliit alulation. To see how rapidly one reahes this regime we an plot the
exat result of ℑmΠ(δ)(s) together with the asymptoti value. As we an see in Fig.5.1, the
asymptoti limit is reahed very fast, espeially for higher dimensions. For pratial purposes
one an reliably use the asymptoti value soon after passing the rst threshold, Q > 2Mc,
inurring errors whih are below 10%.
Now we an try to obtain the real part by using a dispersion relation as the one used in
4-dimensional QED, i.e. Eq.(5.5). However, one immediately sees that it will need a number
of subtrations whih depends on the value of δ. Thus, for just one extra dimension, as in
4-dimensional QED, one subtration is enough, for δ = 2 and δ = 3 two subtrations are
needed, see Eq. (5.10), and so on. This just manifests the non-renormalizability of the theory,
and in the eetive eld theory language, the need for higher dimension operators ating
as ounterterms. Even though this absorptive approah is perfetly aeptable, it would
be preferable to have a way of omputing the real part diretly at the Lagrangian level (by
omputing loops, for instane). As ommented in the introdution, to aomplish this we will
use dimensional regularization.
5.4.2 The vauum polarization in unompatied 4 + δ dimensions
When using dimensional regularization to ompute the VPF in unompatied spae, to be
denoted Πuc, simple dimensional arguments suggest that one should typially obtain ontri-
butions of the form
Πuc(Q) ∝ e24
(
2π
Q
Mc
)δ
,
sine the two verties in the loop provide a fator e2D, whose dimensions must be ompensated
by the only available sale in the problem, namely Q2. In the above formula we have used
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the relation of Eq.(5.7) in order to trade o eD for e4. The omitted oeient in front will be
generally divergent, and will be regularized by letting δ → δ − ǫ.
Let us ompute the VPF Παβuc (q) in unompatied spae, assuming that, if neessary, the
dimensions will be ontinued to omplex values. We have that
Παβuc (q) = ie
2
D
∫
d4+δk
(2π)4+δ
Tr
{
γα
1
k/
γβ
1
k/+ q/
}
, (5.11)
whih, by gauge-invariane assumes the standard form
Παβuc (q) =
(
q2gαβ − qαqβ
)
Πuc(q) .
If we now were to use that, in D-dimensions, Tr[γαγβ] = 2[D/2]gαβ , we would nd that the
low energy limit has an extra 2[δ/2] fator, whih, as ommented, is an artifat of the torus
ompatiation: there are 2[δ/2] too many fermions in the theory. Therefore we simply drop
this fator by hand. Moreover, we use Eq.(5.7) and employ the proper-time parametrization
in intermediate steps, thus arriving at:
Πuc(Q) =
e24
2π2
(
π
M2c
)δ/2 ∫ 1
0
dxx(1 − x)
∫ ∞
0
dτ
τ1+
δ
2
exp
{−τ x(1− x)Q2}
=
e24
2π2
πδ/2 Γ2(2 + δ2)
Γ(4 + δ)
Γ
(
−δ
2
) (
Q2
M2c
)δ/2
. (5.12)
A simple hek of this result may be obtained by omputing its imaginary part. To that
end we let Q2 → −q2 − iǫ with q2 > 0. Then
ℑm{−q2 − iǫ}δ/2 = − (q2)δ/2 sin δπ
2
.
Now we an use that Γ(−δ/2)Γ(1 + δ/2) = −π/ sin(δπ/2) to write
ℑm {Πuc(q)} = α4
2πδ/2 Γ2(2 + δ2)
Γ(4 + δ)Γ(1 + δ/2)
(
q2
M2c
)δ/2
=
α4
23+δ
(δ + 2)π(δ+1)/2
Γ ((δ + 5)/2)
(
q2
M2c
)δ/2
,
whih agrees with our previous result of Eq.(5.10).
For odd values of δ, the one-loop Πuc(Q) omputed above is nite, sine the Γ(− δ2) an
be alulated by analyti ontinuation. This result is in a way expeted, sine in odd number
of dimensions, by Lorentz invariane, there are no appropriate gauge invariant operators able
to absorb any possible innities generated in the one-loop VPF; this would require operators
whih give ontributions that go like Qδ. Notie, however, that at higher orders Πuc(Q)
will eventually beome divergent. For instane, in ve dimensions at two loops, the VPF
should go as Q2, sine there are four elementary verties. The divergenes generated by these
ontributions ould be absorbed in an operator suh as the one onsidered in the previous
setion, namely DαF
αβDλFλβ . On the other hand, when δ is even, Γ(− δ2) has a pole, and
subtrations are needed already at one loop. To ompute the divergent and nite parts in a
well-dened way we will use dimensional regularization, i.e. we will assume that δ → δ − ǫ .
Notie however that, unlike in 4-dimensions, we do not need to introdue an additional sale
at this point, i.e. the equivalent of the 't Hooft mass sale µ: Mc plays the role of µ, and an
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be used to keep e4 dimensionless. After expanding in ǫ we nd a simple pole aompanied by
the usual logarithm
Πuc(Q) ∝
(
Q2
M2c
)δ/2 {
−2
ǫ
+ ln(Q2/M2c ) + · · ·
}
. (5.13)
Here the ellipses represent a nite onstant. Now, to renormalize this result we must introdue
higher dimension operators (for instane, if δ = 2 the operator DαF
αβDλFλβ will do the job)
whih ould absorb the divergent piee. The downside of this, however, is that we also have
to introdue an arbitrary ounterterm, κ, orresponding to the ontribution of the higher
dimension operator; thus we obtain a nite quantity proportional to log(Q2/M2c ) + κ. Note
that, sine κ is arbitrary, we an always introdue bak a renormalization sale and write
log(Q2/M2c ) + κ = log(Q
2/µ2) + κ(µ) with κ(µ) = κ + log(µ2/M2c ). It is also important to
remark that, in the ase of odd number of dimensions, although at one loop we do not need
any ounterterm to make the VPF nite, higher dimensional operators ould still be present
and aet its value.
In the ase of unompatied spae, it is interesting to ompare the above result with that
obtained by regularizing the integral using a hard uto. To study this it is enough to arry
out the integral of Eq. (5.12), with a uto in τ0 = 1/Λ
2
:
Πuc(Q) =
e24
2π2
(
π
M2c
)δ/2 ∫ 1
0
dxx(1− x)
∫ ∞
τ0
dτ
τ1+δ/2
exp
{−τ x(1− x)Q2} . (5.14)
Then, for δ = 1, 2, 3 we obtain
Π(1)uc (Q) =
e24
2π2
(
−3π
2Q
64Mc
+
√
πQ2
15McΛ
+
√
πΛ
3Mc
)
, (5.15)
Π(2)uc (Q) =
e24
2π2
(
πΛ2
6M2c
+
πQ2
30M2c
(
log(Q2/Λ2) + γ − 77
30
))
, (5.16)
Π(3)uc (Q) =
e24
2π2
(
5π3Q3
768M3c
− π
3/2Q2Λ
15M3c
+
π3/2Λ3
9M3c
)
. (5.17)
As we an see, the piees whih are independent of the uto are exatly the same ones we
obtained using dimensional regularization. But, in addition, we obtain a series of ontributions
whih depend expliitly on the uto. For instane we nd orretions to the gauge oupling
whih behave as Λδ, and just redene the gauge oupling we started with [86℄. In the ase
of ve dimensions we also generate a term linear in Q2; however it is suppressed by 1/Λ,
and therefore it approahes zero for large Λ. In the ase of six dimensions we obtain the
same logarithmi behavior we found with dimensional regularization, and the result an be
ast in idential form, if the uto is absorbed in the appropriate ounterterm. For seven
dimensions we also nd divergent ontributions whih go as Q2. This means that, when
using utos, higher dimension operators in the derivative expansion (e.g. operators giving
ontributions as Q2 or higher) are neessary to renormalize the theory and must be inluded.
In the ase of dimensional regularization this type of operators is not stritly needed at one
loop; however, nothing forbids them in the Lagrangian, and they ould appear as nite
ounterterms. If one were to identify the Λ in the above expressions with a physial uto,
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one might get the impression that, ontrary to the dimensional regularization approah where
arbitrary ounterterms are needed, one ould now obtain all types of ontributions with only
one additional parameter, namely Λ. This is however not true: the regulator funtion is
arbitrary, we simply have hosen one among an innity of possibilities. By hanging the
regulator funtion we an hange the oeients of the dierent ontributions at will, exept
for those few ontributions whih are independent of Λ. These latter are preisely the ones we
have obtained by using dimensional regularization. Thus, even when using utos one has to
add ounterterms from higher dimension operators, absorb the uto, and express the result in
terms of a series of unknown oeients. The lesson is that with dimensional regularization we
obtain all alulable piees, while the non-alulable piees are related to higher dimensional
terms in the Lagrangian.
What we will demonstrate next is that the one-loop VPF in the ompatied theory on a
torus an be renormalized exatly as the VPF in the unompatied theory; this will allow us
to ompute it for any number of dimensions, and examine its behavior for large and for small
values of the Q2.
5.4.3 The vauum polarization in δ ompat dimensions
From the four-dimensional point of view the vauum polarization tensor in the ompatied
theory is
Πµν(q2) =
∑
n
ie24
∫
d4k
(2π)4
Tr
{
γµ
1
k/−mn γ
ν 1
k/+ q/−mn
}
with m2n =
(
n21 + n
2
2 + · · ·+ n2δ
)
M2c ; for simpliity we have assumed a ommon ompatia-
tion radius R = 1/Mc for all the extra dimensions. The sum over n denotes olletively the
sum over all the modes ni = −∞, · · · ,+∞. The ontribution of eah mode to this quantity
seems quadratially divergent, like in ordinary QED; however, we know that gauge invari-
ane onverts it to only logarithmially divergent. But, in addition, the sum over all the
modes makes the above expressions highly divergent. Instead of attempting to ompute it
diretly, we will add and subtrat the ontribution of the vauum polarization funtion of the
unompatied theory in 4 + δ dimensions:
Πµν(q) = [Πµν(q)−Πµνuc (q)] + Πµνuc (q) = Πµνfin(q) + Πµνuc (q) . (5.18)
Here we have taken already into aount the relation between the oupling in 4+δ dimensions
and the four-dimensional oupling and have restrited the external Lorentz indies to the
4-dimensional ones. Depending on the value of δ the vauum polarization an be highly
divergent (naively as Λδ+2, and after taking into aount gauge invariane as Λδ). However,
we an use dimensional regularization (or any other regularization sheme) to make it nite.
The important point is that the quantity Πµνfin(Q) is UV and IR nite and an unambiguously
omputed.
Instead of doing the two alulations from srath, we will do the following:
i) We will rst ompute the ompatied expression by using Shwinger's proper time, τ ,
to regularize the UV divergenes.
ii) We will show that the UV behavior of the ompatied theory, τ → 0, is just the
behavior of the unompatied theory.
iii) Therefore, to ompute Πµνfin(Q) it is suient to ompute Π
µν(Q) and then subtrat its
most divergent ontribution when τ → 0. We will see that it is suient to make it nite.
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After a few manipulations Πµν(Q) an be written as
Πµν(q) =
(
q2gµν − qµqν)Π(q) ,
where [43℄
Π(Q) =
e24
2π2
∑
n
∫ 1
0
dxx(1 − x)
∫ ∞
0
dτ
τ
exp
{−τ (x(1− x)Q2 +m2n)} .
Π(Q) an be written in terms of the funtion
θ¯3(τ) ≡
+∞∑
n=−∞
e−n
2τ =
√
π
τ
θ¯3
(
π2
τ
)
as
Π(Q) =
e24
2π2
∫ 1
0
dxx(1 − x)
∫ ∞
0
dτ
τ
exp
{
−τx(1− x) Q
2
M2c
}
θ¯δ3(τ) ,
where we have resaled τ in order to remove Mc from the θ¯3(τ) funtion. This last expression
for Π(Q) is highly divergent in the UV (τ → 0), beause in that limit the θ¯3(τ) funtion goes
as
√
π/τ . Then, if we dene, as in Eq. (5.18), Πfin = Π−Πuc, we have
Πfin(Q) =
e24
2π2
∫ 1
0
dxx(1 − x)
∫ ∞
0
dτ
τ
exp
{
−τx(1− x) Q
2
M2c
}(
θ¯δ3(τ)−
(π
τ
)δ/2)
,
whih is ompletely nite for any number of dimensions. In fat, the last term provides a
fator
Fδ(τ) ≡ θ¯δ3(τ)−
(π
τ
)δ/2 τ→0−→ 2δ (π
τ
)δ/2
exp
{
−π
2
τ
}
,
that makes the integral onvergent in the UV, while for large τ this funtion goes to 1 quite
fast. In this region the integral is ut o by the exponential of momenta; so we an think of
the exponential exp
{
−τx(1− x) Q2M2c
}
as providing a uto for τ > 4M2c /Q
2
, and Fδ(τ) as
providing a uto for τ < π2. With this in mind, we an estimate Πfin(Q) as
Πfin(Q) ≈ e
2
4
2π2
∑
n
∫ 1
0
dxx(1 − x)
∫ 4M2c /Q2
π2
dτ
τ
= − e
2
2π2
1
6
log
Q2π2
4M2c
, Q2 < 4M2c /π
2;
(5.19)
it is just the ordinary running of the zero mode. As Q2 grows, the upper limit of integration
is smaller than the lower limit, and then we expet that Πfin(Q) should vanish. In that region
Π(Q) will be dominated ompletely by Πuc(Q).
Let us evaluate Πfin(Q) for any number of extra dimensions. To this end we will approxi-
mate the funtion Fδ(τ) as follows
Fδ(τ) =
{
2δ
(
π
τ
)δ/2
exp
{
−π2τ
}
τ < π
1 + 2δ exp {−τ} − (πτ )δ/2 τ > π . (5.20)
The mathing point in τ = π makes the funtion ontinuous. In Fig. 5.2 we display the exat
funtion Fδ(τ) (solid) and the approximation above (dashed) for δ = 1, 2, 3. The approxima-
tion is very good exept at a small region around the mathing point τ = π. This an be
further improved by adding more terms from the expansions of the θ¯(τ) funtions.
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Figure 5.2: Exat values of Fδ(τ) (solid) as ompared with the approximation disussed in the text
(dashed) for δ = 1, 2, 3.
The approximate expression of Eq.(5.20) an be used to obtain semi-analytial expansions
for Πδfin(Q) for small Q
2
(we dene w ≡ Q2/M2c )
Π
(1)
fin (Q) =
e24
2π2
(−0.335 − 0.167 log(w) + 0.463√w − 0.110w + · · · ) , (5.21)
Π
(2)
fin (Q) =
e24
2π2
(−0.159 − 0.167 log(w) − 0.105w (log(w)− 1.75) + · · · ) , (5.22)
Π
(3)
fin (Q) =
e24
2π2
(
−0.0937 − 0.167 log(w) + 0.298w − 0.202
√
w3 + · · ·
)
. (5.23)
To see how good these approximate results are, we an ompare with the exat results
that an be obtained when δ = 1. In this ase we have
Π
(1)
fin (Q) =
e24
2π2
∫ 1
0
dxx(1 − x)
∞∑
n=1
∫ ∞
0
dτ
τ
exp {−τx(1− x)w} 2
(π
τ
)1/2
exp
{
−n
2π2
τ
}
=
e24
2π2
∫ 1
0
dxx(1 − x)
∞∑
n=1
2
n
exp
{
−2πn
√
x(1− x)w
}
=
e24
2π2
∫ 1
0
dxx(1 − x)
(
−2 log
(
1− exp
(
−2π
√
x(1− x)w
)))
. (5.24)
This last expression an be expanded for w ≪ 1, and the integral over x an then be performed
analytially, yielding
Π
(1)
fin (Q) ≈
e24
2π2
(
1
18
(5− 6 log(2π))− 1
6
logw +
3π2
64
√
w − π
2
90
w + · · ·
)
, (5.25)
whih is in exellent agreement with our approximation (see Eq. (5.21)).
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Eq. (5.24) an also be used to obtain the behavior of Π
(1)
fin (Q) for w ≫ 1. In this limit we
obtain
Π
(1)
fin (Q) ≈
e24
2π2
3ζ(5)
π4
M4c
Q4
, Q2 ≫M2c .
For higher dimensions things are more ompliated, but the behavior is the same, and we nd
Π
(δ)
fin (Q) ≈
e24
2π2
4δΓ(2 + δ/2)
π4+δ/2
Kδ
M4c
Q4
, Q2 ≫M2c ,
where Kδ is of the order of unity and is determined numerially (K1 = ζ(5) = 1.037, K2 =
1.165, K3 = 1.244). However, sine the unompatied ontribution grows as
(
Q2/M2c
)δ/2
it is obvious that the ontributions to Π(δ)(Q) from Π
(δ)
fin (Q) will be ompletely irrelevant for
Q2 ≫M2c .
Adding the nite and the unompatied ontributions we nd that for Q2 ≪ M2c the
unompatied ontribution exatly anels the orresponding piee obtained from the ex-
pansion of Π
(δ)
fin (Q) (the
√
w piee for δ = 1, the w log(w) piee for δ = 2, or the
√
w3 for
δ = 3). Then, for Q2 ≪M2c and hoosing µ =Mc we nally nd:
Π(δ)(Q) =
e24
2π2
(
a
(δ)
0 −
1
6
log
(
Q2
M2c
)
+ a
(δ)
1
Q2
M2c
+ · · ·
)
, Q2 ≪M2c (5.26)
with the oeients for 1,2 and 3 extra dimensions given by
δ 1 2 3
a
(δ)
0 −0.335 −0.159 −0.0937
a
(δ)
1 −0.110 0.183 0.298
As we will see below, in general the oeients a
(δ)
1 an be aeted by non-alulable
ontributions from higher dimension operators in the eetive Lagrangian, whih we have not
inluded.
The following omments related to Eq. (5.26), whih is only valid in the dimensional
regularization sheme we are using, are now in order:
(i) From Eq. (5.26) we see that for smallQ2, as expeted, we reover the standard logarithm
with the orret oeient, independently of the number of extra dimensions. In addition,
interestingly enough, we an ompute also the onstant term. Thus, although the full theory
in 4 + δ dimensions is non-renormalizable and highly divergent, the low energy limit of the
VPF alulated in our dimensional regularization sheme is atually nite: when seen from
low energies the ompatied extra dimensions seem to at as an ultraviolet regulator for the
theory.
(ii) When the energy begins to grow, we start seeing eets suppressed by Q2/M2c , whih
are nite, at one loop, for any number of dimensions exept for δ = 2. This is so beause the
gauge ouplings have dimensions 1/M δ/2, and therefore, the one-loop VPF goes like 1/M δ .
(iii) For δ = 1 one nds that, beause of gauge and Lorentz invariane, there are no
possible ounterterms of this dimension. The VPF must be nite, and that is preisely the
result one obtains with dimensional regularization. This of ourse hanges if higher loops are
onsidered: for instane, two-loop diagrams go like 1/M2, and, in general, we expet that they
will have divergenes, whih, in turn, should be absorbed in the appropriate ounterterms.
In priniple the presene of these ounterterms ould pollute our result; however, the natural
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size of these ounterterms, arising at two loops, should be suppressed ompared to the nite
ontributions we have omputed.
(iv) For δ = 2 one nds that the VPF goes as 1/M2, already at one loop, and that
the result is divergent. The divergenes have to be absorbed in the appropriate ounterterm
oming from higher dimension operators in the higher dimensional theory. The immediate
eet of this, is that the oeient of the Q2 term in Π(2)(Q) beomes arbitrary, its value
depending on the underlying physis beyond the ompatiation sale.
(v) For δ > 2 all loop ontributions to the Q2 term are nite, simply beause of the
dimensionality of the ouplings. This, however, does not prelude the existene of nite
ounterterms, whih ould be generated by physis beyond the ompatiation sale, that
is, ontributions from operators suppressed by two powers of the new physis sale like the
operator in Eq. (5.8).
For Q2 ≫M2c the full VPF is ompletely dominated by the unompatied ontribution:
Π(1)(Q) = − e
2
4
2π2
3π2
64
√
Q2
M2c
,
Π(2)(Q) =
e24
2π2
π
30
Q2
M2c
log
(
Q2
M2c
)
Q2 ≫M2c ,
Π(3)(Q) =
e24
2π2
5π3
768
(
Q2
M2c
) 3
2
.
As before, the VPF ould also reeive non-alulable ontributions from higher dimension
operators whih we have not inluded; in fat, for δ = 2, these are needed to renormalize the
VPF. How large an these non-alulable ontributions be? Sine our D-dimensional theory is
an eetive theory valid only for Q2 ≪ M2s , even above Mc the results will be dominated by
the lowest power of Q2. In the ase of δ = 1, the rst operator that one an write down goes as
Q2; therefore we expet that the one-loop ontribution, of order
√
Q2, that we have omputed,
will dominate ompletely the result, as long as we do not streth it beyond the appliability of
the eetive Lagrangian approah. For δ = 2, ounterterms are ertainly needed at order Q2;
still one an hope that the result will be dominated by the logarithm (as happens with hiral
logarithms in χPT ). For δ = 3 (and higher), the one loop result grows as
(
Q2
)δ/2
; however
there ould be operators giving ontributions of order Q2 with unknown oeients (in fat
although in dimensional regularization those are not needed, they must be inluded if utos
are used to regularize the theory). Therefore, unless for some reason they are absent from the
theory, the result will be dominated by those operators.
5.5 Mathing of gauge ouplings
Using the VPF onstruted in the previous setion we an dene a higher dimensional analogue
of the onventional QED eetive harge [87, 88℄, whih will enter in any proess involving
o-shell photons, e.g.
1
αeff(Q)
≡ 1
α4
(
1 + Π(δ)(Q)
)∣∣∣
MSδ
, (5.27)
where α4 = e
2
4/(4π). We remind the reader that e4 denotes the (dimensionless) oupling of the
four-dimensional theory inluding all KK modes; it is diretly related to the gauge oupling
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in the theory with δ extra dimensions by Eq.(5.7). The subsript MSδ means that the VPF
has been regularized using dimensional regularization in D = 4 + δ − ǫ dimensions, and that
divergenes, when present, are subtrated aording to the MS proedure.
To determine the relation between α4 and the low energy oupling in QED, we have to
identify the eetive harge omputed in the ompatied theory with the low energy eetive
harge, at some low energy sale (for instane Q2 = m2Z ≪ M2c ), where both theories are
valid. In that limit we an trust our approximate results of Eq. (5.26), and write
1
αeff(mZ)
=
1
α4
+
2
π
a
(δ)
0 −
2
3π
log
(
mZ
Mc
)
. (5.28)
This equation onnets the low energy QED oupling with the oupling in the ompatied
D-dimensional theory, regularized by dimensional regularization. Note that this equation is
ompletely independent of the way subtrations are performed to remove the poles in 1/ǫ.
These poles only appear (and only for even number of dimensions) in the ontributions pro-
portional to Qδ, whih vanish for Q→ 0. Eq. (5.28) ontains, apart from a nite onstant, the
standard logarithmi running from mZ to the ompatiation sale Mc. It is interesting to
notie that, in this approah, the logarithm omes from the nite piee, and should therefore
be onsidered as an infrared (IR) logarithm. When seen from sales smaller than Mc, these
logarithms appear to have an UV origin, while, when seen from sales above Mc, appear as
having an IR nature.
It is important to emphasize that, in this sheme, the gauge oupling does not run any
more above the ompatiation sale. This seems ounter-intuitive, but it is preisely what
happens in χPT when using dimensional regularization: fπ does not run, it just renormalizes
higher dimensional operators [62℄.
Now we an use Eq. (5.28) to write the eetive harge at all energies in terms of the
oupling measured at low energies:
1
αeff(Q)
≡ 1
αeff(mZ)
+
1
α4
(
Π(δ)(Q)−Π(δ)(mZ)
)∣∣∣∣
MSδ
. (5.29)
Note that the last term is independent of α4 due to the impliit dependene of Π
(δ)
on it.
Eq. (5.29) has the form of a momentum-subtrated denition of the oupling; in fat, in
four dimensions it is just the denition of the momentum-subtrated running oupling. For
δ = 1 and at one loop, Π(δ)(Q) − Π(δ)(mZ) is nite, and αeff(Q) an still be interpreted as
a momentum-subtrated denition of the oupling. For δ > 1, however, Eq. (5.29) involves
additional subtrations, a fat whih thwarts suh an interpretation.
For Q2 ≪M2c we an expand Π(δ)(Q) and obtain
1
αeff(Q)
≡ 1
αeff (mZ)
− 2
3π
log
(
Q
mZ
)
+O
(
Q2
M2c
)
,
whih is nothing but the standard expression of the eetive harge in QED, slightly modied
by small orretions of order Q2/M2c . However, as soon as Q
2/M2c approahes unity, the eets
of the ompatiation sale start to appear in αeff(Q), foring it to deviate dramatially from
the logarithmi behavior, as shown in Fig. 5.3.
The ruial point, however, is that this eetive harge annot be interpreted anymore as
the running oupling (as an be done in four dimensions) sine it may reeive ontributions
from higher dimension operators; in fat some of them are needed to dene this quantity
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Figure 5.3: The eetive harge against the energy sale for δ = 1 (solid), δ = 2 (short dash), δ = 3
(long dash). Contributions from ounterterms have not been onsidered.
properly. These ontributions have nothing to do with the gauge oupling whih is dened
as the oeient of the operator F 2. In partiular, one should not use this quantity to study
gauge oupling uniation. Instead, one ould use Eq. (5.28), whih relates the oupling
measured at low energies with the one appearing in the D-dimensional Lagrangian valid at
energies Mc < Q < Ms. This relation involves a logarithmi orretion, whih is the only
ontribution that an be reliably omputed without knowing the physis beyond Ms.
It is instrutive to see what happens if instead of dimensional regularization we use hard
utos to regularize the unompatied part of the VPF as in Eqs. (5.14)(5.17). Then, when
using utos, one an dene an eetive harge as in Eq. (5.27)
1
αeff(Q)
≡ 1
α4(Λ)
(
1 + Π(δ)(Q)
)∣∣∣
Λ
, (5.30)
where α4(Λ) now is the oupling onstant in the theory regularized with utos and the
subsript Λ indiates that the VPF has been regularized with utos. The use of a Λ dependent
oupling obviously implies the WEFT formulation, in whih the uto is not removed from
the theory. On the other hand, in the CEFT formulation one should renormalize the oupling
onstant by adding the appropriate ounterterms and then take the limit Λ → ∞. This
usually brings in a new sale at whih the oupling is dened, and whih eetively replaes
Λ in the previous equation. Notie also that for δ = 2 in Eq. (5.16) there are logarithmi
ontributions proportional to Q2, whih annot be removed when Λ → ∞. The same is true
for δ > 2, but with dependenies whih are proportional to Λ(δ−2). This just manifests the
need of higher dimensional operators, as was already lear in the dispersive approah, to dene
properly the eetive harge. As one an see, the full VPF ontains a term that goes as Λδ
and is independent of Q. This piee survives when Q → 0, and thus we obtain (we assume
m2Z ≪ Q2)
1
αeff(mZ)
=
1
α4(Λ)
+
2
3πδ
(√
π
Λ
Mc
)δ
+
2
π
a
(δ)
0 −
2
3π
log
(
mZ
Mc
)
. (5.31)
Sine αeff(mZ) should be the same in the two shemes, we nd the following relation between
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α4 and α4(Λ)
1
α4
=
1
α4(Λ)
+
2
3πδ
(√
π
Λ
Mc
)δ
. (5.32)
If one identies Λ with the onset of a more omplete theory beyond the ompatiation sale,
but at whih the EFT treatment is still valid, i.e. if one assumes that Λ ∼ MG ≪ Ms, MG
being this new sale, Eq.(5.32) ould be reinterpreted as a mathing equation between the
oupling α4 of our eetive theory and the oupling of the theory at sales MG, α4(MG).
Eq. (5.32) generially tells us that one expets orretions whih go as (MG/Mc)
δ
. However,
without knowledge of the full theory beyond MG, the meaning of MG (or even α4(MG)) is
unlear. In partiular, if the new theory is some Grand Unied Theory in extra dimensions,
MG will be, in general, not just one single mass, but several masses of the same order of mag-
nitude, related by dierent oeients. In the ase of logarithmi running those oeients
an be negleted, beause they give small logarithms next to the large logarithms ontaining
the ommon sale. However, in the ase of ontributions whih depend on powers of the new
physis sale the situation is ompletely dierent, and the presene of several masses ould
hange ompletely the piture of uniation. Cutos an give an indiation of the presene
of power orretions, but the oeients of these orretions annot be omputed without
knowing the details of the full theory.
To see this point more learly, we add to our 4 + δ dimensional theory an additional
fermion with mass Mf satisfying Ms ≫ Mf ≫ Mc, suh that ompatiation orretions
may be negleted, and ompute its eets on the oupling onstant for M2c ≪ Q2 ≪ M2f ,
using dimensional regularization. We have
Π
(δ)
f (Q) =
e24
2π2
(
π
Mc
)δ/2
Γ(−δ/2)
∫ 1
0
dxx(1− x) (M2f + x(1− x)Q2)δ/2 . (5.33)
By expanding for Q2 ≪Mf and integrating over x we obtain
Π
(δ)
f (Q) =
e24
2π2
(√
π
Mf
Mc
)δ
Γ
(
−δ
2
)(
1
6
+
δ
60
Q2
M2f
)
. (5.34)
For odd values of δ we an use the analyti ontinuation of the Γ funtion to obtain a nite
result. For even values of δ we will allow a slight departure of the integer value in order to
dimensionally regularize the integral. Clearly, integrating out the heavy fermion gives power
orretions to the gauge oupling. In addition, it also generates ontributions to the higher
dimension operators, e.g. ontributions proportional Q2 and higher powers. As an be seen by
omparing with Eqs. (5.14)(5.17) these power orretions are qualitatively similar to those
alulated using a hard uto. Evidently, in the ontext of a more omplete theory (in this
ase, given the existene of a heavy fermion), power orretions may be enountered even if
the dimensional regularization is employed. However, as one an easily see by setting, for
example, δ = 1 in Eq.(5.34), the oeients of the power orretions obtained knowing the
full theory are in general dierent from those obtained using a hard uto, e.g. Eq.(5.15). In
fat, no hoie of Λ in Eq.(5.15) an reprodue all the oeients appearing in Eq.(5.34).
The situation is somewhat similar to what happens when χPT with SU(2) ⊗ SU(2) is
mathed to χPT with SU(3) ⊗ SU(3). In the SU(2) ⊗ SU(2) theory, just by dimensional
arguments, one an expet orretions like m2K/f
2
π . But, an one ompute them reliably
without even knowing that there are kaons?
64 Chapter 5. Power orretions in models with extra dimensions
5.6 Conlusions
We have attempted a ritial disussion of the arguments in favor of power-law running of
oupling onstants in models with extra dimensions. We have shown that the naive arguments
lead to an arbitrary β funtion depending on the partiular way hosen to ross KK thresholds.
In partiular, if one hooses the physial way of passing thresholds provided by the vauum
polarization funtion of the photon, a β funtion that ounts the number of modes is divergent
for more than 5 dimensions.
We have studied the question of deoupling of KK modes in QED with 4+ δ (ompat)
dimensions by analyzing the behavior of the VPF of the photon. We have omputed rst the
imaginary part of the VPF by using unitarity arguments, and found that it rapidly reahes
the value obtained in a non-ompat theory (only a few modes are neessary). We also showed
that it grows as (s/M2c )
δ/2
, exhibiting learly the non-renormalizability of theories in extra
dimensions. To obtain the full VPF, one an use an appropriately subtrated dispersion rela-
tion. Instead, we use the full quantum eetive eld theory, with the expetation, suggested
by the alulation of the imaginary part of the VPF, that the bad UV behavior of the the-
ory is aptured by the behavior of the unompatied theory. To hek this idea, we have
omputed the VPF in the unompatied theory, regularized by dimensional regularization
(δ → δ − ε). We have found that, after analytial ontinuation, the one loop VPF is nite,
and proportional to Qδ for odd number of dimensions, and has a simple pole, proportional to
Qδ, for even number of dimensions. This result an be understood easily, beause there are no
possible Lorentz and gauge invariant operators in the Lagrangian able to absorb a term like
Qδ for odd δ. For δ even it shows that higher dimension operators are needed to regularize
the theory. As a hek we also reovered the imaginary part of the VPF in the limit of innite
ompatiation radius.
For omparison with other approahes, we have also obtained the VPF in the ase that
a hard uto is used to regularize it. We found that the piees that do not depend on the
uto are exatly the same as those obtained by dimensional regularization, while the uto
dependent piees are arbitrary, and an be hanged at will by hanging the uto proedure.
Next we have omputed the VPF in the ompatied theory, and showed that it an be
separated into a UV and IR nite ontribution and the VPF alulated in the unompatied
theory; as was shown previously, the latter an be ontrolled using dimensional regularization.
The nite part is more ompliated, but an be omputed numerially for any number of
dimensions. Also, some analytial approximations have been obtained for the low and the
high energy limits (Q ≪ Mc and Q ≫ Mc respetively). Adding these two piees, together
with the ounterterms oming from higher dimension operators, we obtain a nite expression
for an eetive harge whih an be extrapolated ontinuously from Q ≪ Mc to Q ≫ Mc;
however, its value does depend on higher dimension operator ouplings.
Deoupling of all KK modes in this eetive harge is smooth and physially meaningful,
and the low energy logarithmi running is reovered. We use this eetive harge to onnet
the low energy ouplings (i.e. αeff (mZ)) with the oupling of the theory inluding all KK
modes, regularized by dimensional regularization. We nd that this mathing only involves
the standard logarithmi running from mZ to the ompatiation sale Mc. In partiular,
no power orretions appear in this mathing. However, if utos are used to regularize
the VPF in the non-ompat spae, one does nd power orretions, exatly as expeted
from naive dimensional analysis. In the EFT language one ould interpret these orretions
as an additional mathing between the eetive D dimensional eld theory and some more
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omplete theory. The question is how reliably an this mathing be estimated without knowing
the omplete theory. By adding to our theory an additional fermion with Mf ≫ Mc, and
integrating it out, we argue that power orretions annot be omputed without knowing
the details of the omplete theory, in whih the D dimensional theory is embedded. Some
examples in whih this mathing an, in priniple, be omputed are some 5D GUT's and string
models [44, 50, 89, 56, 90, 91℄, and the reently proposed de-onstruted extra dimensions
[30, 32, 92, 93, 54℄. For the question of uniation of ouplings this result seems rather
negative, at least when ompared with standard Grand Unied Theories, where gauge oupling
uniation an be tested without knowing their details. Alternatively, one an approah
this result from a more optimisti point of view, and regard the requirement of low-energy
uniation of ouplings as a stringent onstraint on the possible extra-dimensional extensions
of the SM.
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Chapter 6
A model with a non-universal extra
dimension
Before the universal extra dimensions were studied many other senarios had been proposed.
These models were justied in some string senarios[37, 94, 39, 40, 95, 96, 97, 4℄. Initially, they
were proposed to solve the hierarhy problem by introduing a new sale near the eletroweak
sale, but their onsequenes extended to many other elds: the value of the osmologial
onstant [98, 99℄, supersymmetry breaking [100℄, fermion masses [101, 102℄, et... These
models are radially dierent with respet to the universal ones beause they do not onserve
the fth omponent of the momentum, hene the KK number is no longer onserved. As a
onsequene, the bound on this new physis is set above the TeV. In what follows we will
study a model in whih only the Higgs and gauge bosons propagate through one ontinuous
extra dimension; the lattiized version is also onsidered. We show briey the main features
as well as how to study the phenomenology by using the formalism developed in the preeding
hapters.
6.1 One ontinuous extra dimension
6.1.1 The model
This ase an be straightforwardly studied by retraing the steps done in Chapter 3. The
Lagrangian has the same piees, Eq. (3.1), and the Eqs. (3.2 - 3.7) remain the same. The
topology of the extra dimension is an orbifold, S1/Z2, but now only the Higgs and gauge elds
propagate through the bulk, this is the main feature of this model, that is why we will refer
to it as HG. The expansions in Eq. (3.8) and Eq. (3.9) are still valid while Q and U do not
present now any mode.
Upon ompatiation, we nd that the spetrum for the fermions is exatly the same as in
SM. On the other hand, there are again two towers of salars, Φ
(n)
G and Φ
(n)
P , one unphysial
that is eaten to give mass to the tower of gauge bosons and the other physial with mass
mn. In partiular the onlusion about the dominant ontributions oming from Φ
(n)
P running
inside the loop is again valid.
The absene of extra modes for the fermions has as a rst onsequene that the oupling
between the fundamental modes of the gauge bosons and the fermioni part of the theory, Lρ,
Eq. (3.34) is exatly the same as in SM. Important dierenes appear, though, in the Yukawa
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piee of the Lagrangian
LY =
∫ πR
0
dx5(−QY˜uHcU −QY˜dHD + h..)δ(x5), (6.1)
where the delta stands to fore the interations only in the brane dened by the ondition
x5 = 0, this brane is taken to be a rigid one, therefore it breaks translation invariane in
the fth dimension. Due to this, the fth omponent of the momentum is not onserved and
the KK-number onservation (as well as all its impliations) no longer applies. Plugging the
expansion of the Higgs doublet, Eq. (3.8), in Eq. (6.1), one obtains the expression of the
Yukawa ouplings in this senario
LY = 2
v
mtVtjtPLdjΦ
+(n) + h.., (6.2)
where we have already partiularized for the mt proportional ouplings, t and dj are the usual
spinor elds of the top and down-like quarks. Note the presene of the extra
√
2 fator with
respet to the UED and SM ase Eq. (3.35), it is present beause in the expansion for H the
zero-th mode and the rest have a
√
2 fator of dierene. In UED it was absorbed by the
tower of modes of U in Eq. (3.35) that here are substituted by the delta funtion.
All the part that has to do with SSB and the zero gauge modes, ranging from Eq. (3.13)
to Eq. (3.18), goes exatly the same way. The ouplings with the Z boson an be found by
using the same proedure as in the UED ase and the outome shows that the urrent that
ouples to Z is the same as in UED, i.e. Eq. (3.36), with the sole dierene of the laking of
the Jµ(n) piee
LZ =
∞∑
n=1
g
2cw
Z(0)µ [J
µ(0) + J
µ(n)
Φ ]. (6.3)
J
µ(n)
Φ is the same as in UED, given by Eq. (3.41), it does not get any extra fator due the
presene of two Higgs elds in the urrent.
6.1.2 Bounds
To know whih is the minimum possible value of the sale of this model we will use experimental
determinations of some observables, some of them are the same as in the universal senarios
but as we will show the tightest restritions ome from the modiation of the value of GF ,
that is modied already at tree level. Modiations at the tree-level are now possible beause
of the non-onservation of the KK number. As usual we will dene a = mtπR and denote the
lightest KK mode by M = R−1.
6.1.2.1 The ρ parameter
The orretions to the ρ parameter proportional to the mt mass are the same as in SM,
essentially beause the Higgs eld propagates in the fth dimension while the fermions do not.
Sine the top quark has no KK tower assoiated, the only possible soure of terms proportional
to mt are the Yukawa ouplings, but these do not ontribute at one-loop to the self-energies
of the Z and W masses.
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6.1.2.2 Radiative orretions to the Z → bb deay
The ontributions to this proess will be parametrized using the F (a) funtion dened in
Eq. (3.53). The diagrams that ontribute an be obtained from the diagrams in Fig. 3.3
replaing the fermioni modes inside the loops by the lines of the SM fermions
Q
(n)
t → tL U (n) → tR. (6.4)
The result turns out to be [14℄
F (a) = −1 + 2a
∫ ∞
0
dx
x2
(1 + x2)2
coth(ax) ≈
(
2
3
log(π/a) − 1
3
− 4
π2
ζ ′(2)
)
a2 (6.5)
In the expansion an be found a logarithm that relates the two sales: mt, the only mass we
maintain in the SM and M , the mass of the rst KK mode. It is beause the KK-number
is not onserved, what permits in this kind of model the appearane of eetive operators at
the tree level that modify the deay at the one-loop level in the eetive theory
1
. Using the
bound F (a) ≤ 0.39 at 95% CL derived in Se. 3.2.1, one an nd the next bound to M
M = R−1HG > 1 TeV 95% CL. (6.6)
6.1.2.3 Radiative orretions to b→ sγ
The ontributions in this senario ame from diagrams that an be obtained from the ones
in Fig. 3.4 by performing the hange of Eq. (6.4). In addition, eah vertex between the
fermions and the Higgs modes (the ones dotted in the gure) get an extra
√
2 fator, and as
a onsequene all diagrams get an overall fator of 2. The ontribution per mode to the value
of the C7 oeient dened in Eq. (3.57) when also the new spetrum is taken into aount
is
Cn7 = 2
[
B
(
m2t
m2n
)
− 1
6
A
(
m2t
m2n
)]
(6.7)
and the value of C7 in this model is therefore
CHG7 (MW ) = C
SM
7 (MW ) +
∞∑
n=1
Cn7 (MW ) ≈ −0.195 + 0.265a2 −
2
9
a2 ln(a). (6.8)
It is easy to hek that Cn7 vanishes for eah mode when its mass is taken to innity, as it should
be beause of the deoupling theorem. Notie again the presene of the logarithm relating the
two sales. But what we need, is CHG7 (mb), that an be obtained by using Eq. (3.60) provided
we know CHG2 (MW ). This reeives ontributions at tree level from the virtual exhange of W
modes that ould in priniple modify appreiably its value, see Fig. 6.1. Although the full
tower must be onsidered, the modiation to the SM result happens to be nite and small
CHG2 (MW ) = 1−
M2WR
2π2
3
, (6.9)
whih represents a modiation at the level of 2 %, muh lower than the error we are om-
mitting ignoring the ontribution of the W
(n)
µ and W
(n)
5 elds inside the loops. The proess
1
For a more detailed explanation see Ref. [14℄.
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Figure 6.1: The virtual exhange of the KK modes W±(n) modies the value of C2 with respet to the
SM value.
b→ clν will also aeted at the tree level by an amount of the same order, therefore we will
again ignore it. In addition, CHG8 (MW ) will be of the same order and its ontribution will be
negleted. When experimental bound on the value of C7(mb) is used, Eq. (3.68), one an nd
the next bound for M , Ref. [103℄
R−1HG > 1.2 TeV 95% CL. (6.10)
6.1.2.4 Radiative orretions to the B0 −B0 system
This ase is fully studied in Ref. [103℄ were all the details are given. The diagrams an be
obtained from the ones in Fig. 3.6 with the same modiations as in the previous setions
and also the orrespondent fators have to be onsidered. The ontributions to S(xt) an be
parametrized in G(a), dened in Eq. (3.86)
GHG(a) = 2a
2
∫ ∞
0
dx
x3
(1 + x2)2
coth2(ax) ≈ 1− 1.143a2 − 4
3
a2 log(a) + 2a2 ln(ns), (6.11)
where a = mtπR and ns = Λs/M . Λs omes from the ut-o that has been performed in
the sum of the modes, see Ref. [14℄. Λs is the sale where the sale where the more omplete
theory starts to be important.
Again the eetive eld theory point of view helps us to understand the results: the reason
for the presene of ln(a) is the same as in the previous observables. There is now a new ln(ns)
term, that ames from utting the summation on the KK modes, whih at the end is just
utting the integration of the fth omponent of the momentum from the point of view of the
ve dimensional theory. The presene of this logarithm implies that a full alulation in the
theory in whih HG is supposedly embedded ontains these logarithmi piees. But now, we
annot diretly hek this beause the details of the orresponding full theory are unknown.
Finally, using the last experimental determinations of Ref. [27, 28℄ the bounds an be
extrated. The one oming from this observable is
R−1HG > [560, 900] GeV 95% CL, (6.12)
the variations are present beause we have to hoose a value for ns. We have taken ns = 10
and ns = 100 respetively.
Setion 6.1. One ontinuous extra dimension 71

W
(n)



e

e
Figure 6.2: The deay of the muon through virtual KK modes modies the value of GF .
6.1.2.5 Γ(Z → ℓℓ) restritions. GF modiations.
In UED and LUED this observable reeives ontributions at the one loop level and therefore
it will be dominated by the SM tree level ontributions, that is why it was not studied in
those ases. On the ontrary in HG (and later on in LHG) it reeives ontributions already a
the tree level and ould be substantially modied, see Ref. [104, 105℄. In the presene of KK
modes, the relation between the oupling onstant g, MW and the Fermi onstant as extrated
from the muon lifetime, GF , is modied at tree level due to the virtual exhange of the KK
tower of W (n), Fig. 6.2:
GF√
2
=
g2
8M2W
+
∞∑
n=1
(
√
2g)2
8m2n
=
g2
8M2W
[
1 +
(MWπR)
2
3
]
, (6.13)
while for SM the relation an be obtained by setting R = 0 in the previous formula. The fat
that this relation is dierent for HG and SM has as a onsequene that the preditions for
Γ(Z → ℓℓ), when expressed in terms of GF , are dierent2
ΓHG = ΓSM
[
1− (MWπR)
2
3
]
. (6.15)
Using the experimental bound [25℄
∣∣ Γexp
ΓSM
− 1∣∣ < 0.0028 at 95% CL one gets
R−1HG > 2.8 TeV 95% CL. (6.16)
Inluding radiative orretions redues a bit this number, see Ref. [104℄.
Summarizing, the results of all the observables are olleted in table 6.1, where it is learly
shown that the sale of the new physis in this senario is above the TeV.
2
The predition for Γ(Z → ℓℓ) when written in terms of g is exatly the same for HG and SM
Γ(Z → ℓℓ) =
MZ
24π
g2
c2W
(g2R + g
2
L). (6.14)
It is the dierent relationship between g and the low energy parameter GF what auses the disrepany.
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Z → bb b→ s+ γ B0 −B0 GF
M(TeV) 1.0 1.2 [0.5,0.9℄ 2.8
Table 6.1: Bounds oming from the dierent observables to the mass of the rst KK mode M .
6.2 One lattiized extra dimension
6.2.1 The model
The steps are nearly the same as in the previous setion. It an be found that the spetrum is
the same provided one hanges mn → Mi, dened in Eq. (4.21), and onsiders the niteness
of the spetrum, i.e. i = 0, 1, . . . , N − 1.
Again for the ρ parameter the mt proportional orretions are the same as in SM. The
Yukawa setor is the usual one, but with the fermions oupled only to the zero-th opy of the
Higgs doublet
LY = −QLY˜uHc0uR + h.., (6.17)
and by resorting to the mass elds we nd the important part for us
LY =
N−1∑
n=1
2mt
v
Vtj cos
( nπ
2N
)
tΦ˜+nPLdj + h.. (6.18)
The Φ˜+n are the physial degrees of freedom. Notie that the oupling is the SM one with the
addition of an extra
√
2 fator and the presene of a osine that vanishes in the limit of large
N . The osine appears beause there is only one Higgs eld. Finally the ouplings with the
Z boson an be obtained straightforwardly
LZ = g
2cw
Zµ
N−1∑
i=1
(−1 + 2s2w)[Φ˜+i i∂µΦ˜−i ] + h.. (6.19)
The absene of any osine is beause there are two Higgs elds. Thus the ouplings of the Z
are the same as for HG and the dierenes are enoded in the spetrum. With this we are
prepared for extrating the dierent ontributions.
6.2.2 Bounds
To extrat the bounds, Ref. [103℄, we an use the results derived for HG. The orresponding
results an be found from the ones in HG by adding an extra fator of cos2(nπ/2N). The
osines appear only in the Yukawa verties, and in every diagram that we onsider there are
always two of these verties. In the ase of the the radiative orretions to the Z → bb deay
the result is
FLHG(a) = 1 +
∫ 1
0
dx
N−1∑
n=1
2(1 − x)rn cos2(nπ/2N )
(1− x)rn + x (6.20)
= 1 +
∫ 1
0
dx
N−1∑
n=1
2(1− x)a2 cos2(nπ/2N )
(1 − x)a2 + 4(N − 1)2x sin2(nπ/2N) (6.21)
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Figure 6.3: The bounds on M as a funtion of the number of sites, N , in the LHG senario.
from the bound F (a) < 0.39 the bounds on M an be extrated as a funtion of N .
The radiative orretions to b→ sγ an be easily found from the HG ones
CLHG7 (MW ) = C
SM
7 + 2
N−1∑
n=1
cos2(nπ/2N)Cn7 , (6.22)
where Cn7 is dened in Eq. (6.7). The funtion that parametrizes the orretions to the B
0−B0
system is now
GLHG(a) = 1 + 2
∫ 1
0
N−1∑
n=1
2a2x(1− x) cos2(nπ/2N) dx
4(N − 1)2 sin2(nπ/2N)(1 − x) + a2x. (6.23)
Finally, the branhing ratio Γ(Z → ℓℓ) is modied to
ΓLHG = ΓSM
[
1− 1
2
(
MWπR
N − 1
)2 N−1∑
n=1
cos2(nπ/2N)
sin2(nπ/2N)
]
. (6.24)
With these expressions it is possible to extrat bounds to the rst mode as a funtion of
the number of sites N . These bounds are displayed in Fig. 6.3, where it is shown that the
ontinuous limit is rapidly reahed. If the number of sites is small, the bound an be redued
by a fator of about 20%-40%, thus allowing new modes ranging between 1.5 − 2.0 TeV.
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Chapter 7
Outlook and onlusions
The possibility of the existene of more dimensions dierent than those we an experiene
diretly with our senses has been for a long time a very ative eld of interest for physiists.
They were initially introdued to ahieve a more elegant formulation of the equations of
nature, soon the extra dimensions beame a key piee in important theories like supergravity
or string theory, whih tried to give a quantum treatment to gravity. It was realized in the
latter that, under some assumptions, the extra dimensions ould be of the size as low as
the TeV without ontraditing any of the experimental results. Extra dimensions have been
also studied using the quantum eld theory formalism, and many extensions of the SM have
been proposed. In general, the sale assoiated with the extra dimensions in these extensions
is again of the order of TeV, what oers a relatively aessible, and rih, phenomenology for
future experiments. Plaing a new sale at the TeV has important onsequenes: it ould solve
the hierarhy problem, senarios of grand uniation are modied beause the running of the
oupling onstants is greatly modied above this sale, the possible loalization of the wave
funtions for the dierent fermions in the spae of the extra dimensions ould be the origin
of the fermion masses, even the value of the osmologial onstant ould be modied, just to
ite some. This variety of phenomena explains the interest in extra dimensional theories in
the last years.
Among the above mentioned extensions of the SM, there is one of speial interest in whih
a single extra dimension is onsidered and all the elds propagate through it, a fat that gives
it the name universal extra dimension. In this senario there are no tree-level modiations
to the SM results, therefore all the orretions are, at least, one-loop suppressed. This outome
is a onsequene of the loal extra-dimensional Lorentz symmetry of the theory, whih implies
the existene of a onserved number alled Kaluza-Klein number. Due to this suppression in
the SM modiations, the sale of the new physis an be as low as hundreds of GeV, learly
a hallenging situation for the next generation of aelerators.
In the rst part of this work we have studied in detail the phenomenology of this senario.
In partiular, we have onentrated on observables that display a strong dependene on the
mass of the top-quark, mt, beause this enhanes the orretions oming from the new physis:
Z → bb, ρ parameter and B0−B0 mixing. We have also studied the proess b→ sγ; although
it does not present a strong dependene with mt, the relative importane of the new physis is
also enhaned beause the SM ontribution to this transition is suppressed. This is so beause
this proess is forbidden at tree level due to gauge invariane and is only allowed through
radiative orretions. The details of the study are given in Chapter 3 and the bounds on the
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size of the ompatiation sale or, equivalently, on the mass of the rst Kaluza-Klein mode
are given in table 3.1.
We have also studied a non-universal senario, in whih only the Higgs and gauge bosons of
the SM are allowed to propagate through the extra dimension, we have given this senario the
name of HG. We have alulated the new physis ontributions to several one loop proesses
whih depend strongly on the top-quark mass and used them to set bounds on the mass of
the lightest KK mode, M . The results are summarized in table 6.1 and ompared with other
relevant bounds found in the literature.
In the HG ase the new physis sale should be above 1 TeV but surprisingly in the UED
ase it an be well below the TeV. One might think that the sale for UED should be bigger
than for HG sine UED represents a bigger modiation to SM than HG (beause in HG only
Higgs and gauge bosons propagate in the extra dimension). Nevertheless, the ontributions
of the fermioni KK modes in the UED ase are suh that produe several anellations in
the amplitudes. The reason is the above mentioned KK number onservation due to the loal
Lorentz symmetry. The lak of this symmetry in the HG ase permits some observables to be
modied already at the tree level; as a onsequene the most restritive bound omes from a
very well measured quantity, GF .
These extra dimensional models are non-renormalizable beause the oupling onstants
have anonial dimensions of mass to some negative power. This does not mean at all that
these models should be wrong, on the ontrary, this indiates that they must be regarded as
eetive eld theories that are valid only below some sale at whih new physis should enter to
orret the bad behaviour of the theory. There is a lass of string theories whih ould provide
suh a new physis, however, this is only one among the possible ultraviolet ompletions.
Another kind of ompletion, proposed initially in Ref. [30, 31, 32℄, used a disretization or
lattization of the fth dimension. In these models, the number of modes is nite and their
masses are modied with respet to the ontinuous ases. As a possible extension of the SM,
it is also interesting to study the phenomenology that stems from these senarios. In this work
we have studied the lattiized versions of UED and HG, alled LUED and LHG. Among the
results we obtained, we found that the preditions are the same as in the respetive ontinuous
ases when the extra dimension is lattiized in a relatively small number of (four dimensional)
sites. For a very small number, the results show that in all ases the natural sale ould
be further lowered with respet to the ontinuous senarios what makes more aessible the
new physis for future experiments. The sale an be redued by fator of about 10%-25%,
thus allowing new modes ranging between 320 − 380 GeV in the ase of UED and of about
20%-40%, with the new modes ranging between 1.5− 2.0 TeV in the ase of LHG. The details
an be found in Fig. 4.2 and Fig. 6.3.
On the other hand, it has been suggested that the existene of extra dimensions ould make
the gauge ouplings to run as a power of the energy sale instead of the usual logarithmi
running. This is a very interesting property beause Grand Uniation Theories in extra
dimensions ould ahieve uniation at muh lower energies (few TEV) than the usual four
dimensional GUT's. This would allow us to test uniation at the planned aelerators, learly
a very exiting possibility. This senario is also hallenging from the theoretial point of view
beause gauge ouplings in extra dimensions are dimensionful and gauge theories in extra
dimensions are not renormalizable. Therefore, the behaviour of ouplings an depend on the
approah to renormalization of non-renormalizable theories: Wilsonian eetive eld theory
or ontinuum eetive theory. We have attempted a pure ontinuum eetive eld theory
approah based in dimensional regularization. In this approah the running of ouplings, at
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most, logarithmi and power orretions are reovered as mathing onditions at the (extra-
dimensional) GUT sale. Therefore, to ompute them one needs to know the omplete details
(full spetrum and pattern of symmetry breaking) of the GUT model. This is quite dierent
from the usual four-dimensional GUT's that an be tested to good auray without knowing
the details of the GUT model.
To onlude, we have studied the phenomenology of two extra-dimensional models with
all or only part of the SM partiles propagating in the extra dimensions. We have also studied
their lattiized versions. We have foused on one-loop eets that display a strong depen-
dene on the top-quark mass whih ontribute to observables whih are measured with good
preision. For the models onsidered, those eets provide the best limits on the ompati-
ation radius. We have also studied the question of power-law running in extra dimensions
by using the ontinuum eetive eld theory framework with dimensional regularization and
disussed its impat in (extra-dimensional) GUT's. We found that, at dierene from the
four-dimensional ase, uniation an depend strongly on the details of the GUT model if it
is dominated by power orretions.
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